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AMay-type spectral sequence for higher
topological Hochschild homology
GABE ANGELINI-KNOLL
ANDREW SALCH
Given a filtration of a commutative monoid A in a symmetric monoidal stable model category C, we
construct a spectral sequence analogous to the May spectral sequence whose input is the higher order
topological Hochschild homology of the associated graded commutative monoid of A, and whose output
is the higher order topological Hochschild homology of A. We then construct examples of such filtrations
and derive some consequences: for example, given a connective commutative graded ring R, we get an
upper bound on the size of the THH-groups of E8-ring spectra A such that π˚pAq – R.
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1 Introduction.
Suppose A “ F0A Ě F1A Ě F2A Ě . . . is a filtered augmented k-algebra, where k is a field. In his 1964
Ph.D. thesis, [34], J. P. May sets up a spectral sequence with input Ext
˚,˚
E˚
0
A
pk, kq and which converges to
Ext˚Apk, kq. Here E
˚
0A “ ‘ně0FnA{Fn`1A is the associated graded algebra of the filtration of A.
In the present paper, we construct an analogous spectral sequence for topological
Hochschild homology and its “higher order” generalizations (as in [37]). Given a filtered E8-ring spectrum
A, we construct a spectral sequence
(1) E1˚,˚ – THH˚,˚pE
˚
0Aq ñ THH˚pAq.
Here E˚0A is the associated graded E8-ring spectrum of A; part of our work in this paper is to define this
“associated graded E8-ring spectrum,” and prove that it has good formal properties and useful examples (eg
Whitehead towers; see (5), below).
More generally: given any connective generalized homology theory E˚ (see Definition 3.4.1), and given any
simplicial finite set X‚, we construct a spectral sequence
(2) E1˚,˚ – E˚,˚pX‚ b E
˚
0Aq ñ E˚pX‚ b Aq.
We recover spectral sequence (1) as a special case of (2) by letting E˚ “ π˚ and letting X‚ be a simplicial
model for the circle S1.
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We formulate a definition (see Definition 3.1.1) of a “filtered E8-ring spectrum” which is sufficiently well-
behaved that we can actually construct a spectral sequence of the form (2), identify its E1- and E8-terms
and prove its multiplicativity and convergence properties. Actually our constructions and results work in a
somewhat wider level of generality than commutative ring spectra: we fix a symmetric monoidal stable model
category C satisfying some reasonable hypotheses (spelled out in Running Assumptions 2.0.3 and 2.0.4),
and we work with filtered commutative monoid objects in C. In the special case where C is the category of
symmetric spectra in pointed simplicial sets, in the sense of [26] and [42], the commutative monoid objects
are equivalent to E8-ring spectra. Our hope is that our framework is sufficiently general that an interested
reader could also apply it to monoidal model categories of equivariant, motivic, and/or parametrized spectra.
The main difficulty in constructing the spectral sequence (2) at this level of generality is identifying the E1˚,˚-
page. We refer to the theorem identifying the E1˚,˚-page as the fundamental theorem of the May filtration,
and briefly it can be described in words using the slogan: “higher order Hochschild homology commutes
with passage to the associated graded commutative ring spectrum." This theorem does not follow easily by
categorical properties, and in fact the bulk of Section 3.3 consists of a proof of this theorem.
We observe inAppendix A that with the right adjustments, one can construct a version of spectral sequence (2)
with coefficients in a filtered symmetric A-bimodule M:
(3) E1˚,˚ – E˚,˚pX‚ b pE
˚
0A,E
˚
0Mqq ñ E˚pX‚ b pA,Mqq,
and as a special case,
(4) E1˚,˚ – E˚,˚THHpE
˚
0A,E
˚
0Mq ñ E˚THHpA,Mq.
Some of the most important cases of filtered commutative ring spectra, or filtered commutative monoid
objects in general, are those which arise from Whitehead towers: given a cofibrant connective commutative
monoid in symmetric spectra, we construct a filtered commutative monoid
(5) A “ τě0AÐ τě1AÐ τě2AÐ . . .
where each map is a cofibration in C and the induced map πnpτěmAq Ñ πnpτěm´1Aq is an isomorphism if
n ě m, and πnpτěmAq – 0 if n ă m. While the homotopy type of τěmA is very easy to construct, it takes
us some work to construct a sufficiently rigid multiplicative model for the Whitehead tower (5); this is the
content of Theorem 4.2.1.
If C is the category of symmetric spectra in pointed simplicial sets, then the associated graded ring spectrum
of the Whitehead tower (5) is the generalized Eilenberg-Mac Lane ring spectrum Hπ˚pAq of the graded ring
π˚pAq. Consequently we get a spectral sequence
(6) E1˚,˚ – E˚,˚pX‚ b Hπ˚Aq ñ E˚pX‚ b Aq,
and as a special case,
(7) E1˚,˚ – THH˚,˚pHπ˚Aq ñ THH˚pAq.
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Many explicit computations are possible using spectral sequence (7) and its generalizations with coefficients
in a bimodule (see Appendix A). For example, in [1], the first author uses these spectral sequences to compute
topological Hochschild homology of the algebraic K-theory spectra of a large class of finite fields.
In the present paper, in lieu of explicit computations using our new spectral sequences, we point out that the
mere existence of these spectral sequences implies an upper bound on the size of the topological Hochschild
homology groups of a ring spectrum: namely, if R is a graded-commutative ring and X‚ is a simplicial
finite set and E˚ is a generalized homology theory, then for any E8-ring spectrum A such that π˚pAq – R,
E˚pX‚ b Aq is a subquotient of E˚pX‚ b HRq. Here we write HR for the generalized Eilenberg-Mac Lane
spectrum with π˚pHRq – R as graded rings.
Consequently, in Theorem 5.2.1 we arrive at the slogan: the topological Hochschild homology of A is
bounded above by the topological Hochschild homology of Hπ˚pAq. This lets us extract information about
the topological Hochschild homology of E8-ring spectra A from information depending only on the ring
π˚pAq of homotopy groups of A. We demonstrate how to apply this idea in Theorem 5.2.6 and its corollaries,
by working out the special case where R “ Zppqrxs for some prime p, with x in positive grading degree 2n.
We get, for example, that for any p-local finite-type E8-ring spectrum A such that π˚pAq – Zppqrxs, the
Poincare´ series of the mod p topological Hochschild homology pS{pq˚pTHHpAqq satisfies the inequalityÿ
iě0
`
dimFppS{pq˚pTHHpAqq
˘
ti ď
p1` p2p´ 1qtqp1 ` p2n ` 1qtq
p1´ 2ntqp1 ´ 2ptq
,
where we interpret ď as in Definition 5.2.2. Furthermore, if p does not divide n, then THH2ipAq – 0 for all
i congruent to ´p modulo n such that i ď pn ´ p´ n, and THH2ipAq – 0 for all i congruent to ´n modulo
p such that i ď pn´ p´ n. In particular, THH2ppn´p´nqpAq – 0. If p divides n, then THHipAq – 0, unless i
is congruent to ´1, 0, or 1 modulo 2p.
As a specific example, consider the p-local Adams summand ℓ, which satisfies the property that p does not
divide n “ p ´ 1 for any prime p. The theorem then states that THH2ipℓq – 0 for all i congruent to ´1
modulo p´1 and all i congruent to 1 modulo p such that i ď p2´3p`1, which agrees with the computation
of THH˚pℓˆpq in these degrees due to Angeltveit-Hill-Lawson [4, Theorem 2.6].
In Section 4.1, we further the development of filtered objects in a model category satisfying Running
Assumptions 2.0.3 and 2.0.4 along with Running Assumption 4.1.2. This theory is used to construct
multiplicativeWhitehead towers as cofibrant decreasingly filtered commutativemonoids in symmetric spectra
in pointed simplicial sets (Theorem 4.2.1). In Appendix B, we discuss the Bousfield-Kan spectral sequence
(Theorem B.1.4) in order to address a technical lemma (Lemma B.2.3) needed to construct the multiplicative
Whitehead tower.
There is some precedent for spectral sequence (1): when A is a filtered commutative ring (rather than
a filtered commutative ring spectrum), M. Brun constructed a spectral sequence of the form (1) in the
paper [11]. In [12], Brun also studies THH of filtered ring spectra, but using the technology of FSPs
rather than our general approach, and stops short of producing the THH-May spectral sequence or the
multiplicative Whitehead filtration. In Theorem 2.9 of the preprint [3], V. Angeltveit remarks that a version
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of spectral sequence (1) exists for commutative ring spectra by virtue of a lemma in [11] on associated
graded FSPs of filtered FSPs; filling in the details to make this spectral sequence have the correct E1-term,
E8-term, convergence properties, and multiplicativity properties takes a lot of work, and even aside from
the substantially greater level of generality of the results in the present paper (allowing X‚ b A and not
just S1 b A, working with commutative monoids in symmetric monoidal model categories rather than any
particular model for ring spectra, working with coefficient bimodules as in Appendix A), we think it is
valuable to add these very nontrivial details to the literature.
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2 Conventions and running assumptions.
Conventions 2.0.1 By convention, the “cofiber of f : X ÝÑ Y" will mean that f is a cofibration and we are
forming the pushout Y
š
X 0 in the given pointed model category. Also, by convention, we will write Y{X
as shorthand for the cofiber of f : X ÝÑ Y .
Conventions 2.0.2 By convention, given a coproduct
š
iPI Xi of objects Xi in a cocomplete category A, we
will refer to the map Xj ãÑ
š
iPI Xi for j P I, given by definition of the coproduct, as the inclusion map.
When A is a subcategory of B, we will also refer to the evident functor A ãÑ B as an inclusion. Since one
use of inclusion refers to map between objects in a category A and the second use of inclusion refers to a
functor between categories, no confusion should arise.
We will write CommpCq for the category of commutative monoid objects in a symmetric monoidal category
C, we will write sC for the category of simplicial objects in C, and we will write ^ for the symmetric
monoidal product in a symmetric monoidal category C, since the main example we have in mind is the
category of symmetric spectra, in which the symmetric monoidal product is the smash product. We will
write S1‚ throughout for the minimal simplicial model for the circle ∆r1s{δ∆r1s, which is important for
defining topological Hochschild homology.
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RunningAssumption 2.0.3 Throughout, letC be a left proper stablemodel category equippedwith the struc-
ture of a symmetric monoidal model category in the sense of [43], satisfying the following axioms: A model
structure (necessarily unique) on CommpCq exists in which weak equivalences and fibrations are created by
the forgetful functor
CommpCq Ñ C. The forgetful functor CommpCq Ñ C commutes with geometric realization of simpli-
cial objects and sends cofibrant objects to cofibrant objects. Geometric realization of simplicial cofibrant
objects in C commutes with the monoidal product, ie, if X‚,Y‚ are simplicial cofibrant objects of C, then the
canonical comparison map
|X‚ ^ Y‚| Ñ |X‚| ^ |Y‚|
is a weak equivalence in C. We will say a class of morphisms M in C is called retractile if whenever a
composite A
f
Ñ B
g
Ñ C is inM then A fÑ B is inM. We additionally assume that C comes equipped with
a class of morphisms, which we will refer to as level-wise cofibrations, which are closed under composition,
and such that the cofibrations in C are contained in the class of level-wise cofibrations, and such that the
class of level-wise cofibrations is retractile. We also assume that if X is a cofibrant object in C and f is a
level-wise cofibration in C, then X ^ f is a level-wise cofibration in C.
Here are a few immediate consequences of these assumptions about C: Since being cofibrantly generated
is part of the definition of a monoidal model category in [43], C is cofibrantly generated and hence can be
equipped with functorial factorization systems. We assume that a choice of functorial factorization has been
made and we will use it implicitly whenever a cofibration-acyclic-fibration or acyclic-cofibration-fibration
factorization is necessary. Smashing with any given object is a left adjoint, hence preserves colimits.
Smashing with any given cofibrant object is a left Quillen functor, hence preserves cofibrations and acyclic
cofibrations, and by Ken Brown’s Lemma, preserves weak equivalences between cofibrant objects.
Since C is assumed left proper, a homotopy cofiber of any map f : X Ñ Y between cofibrant objects in C can
be computed by factoring f as f “ f2 ˝ f1 with f1 : X Ñ Y˜ a cofibration and f2 : Y˜ Ñ Y an acyclic fibration,
and then taking the pushout of the square
X
f1 //

Y˜
0.
In particular, if f is already a cofibration, the pushout map Y Ñ Y
š
X 0 is a homotopy cofiber of f .
The added assumption that C comes equipped with a retractile class of morphisms called the level-wise
cofibrations was necessary to resolve a technical issue pointed out to the authors by Birgit Richter and Ayelet
Lindenstrauss. We recognize that it complicates the running assumptions, however it is satisfied in the main
example of interest (as discussed below) and provides the THH-May spectral sequence with some desired
properties. The level-wise cofibrations are used only in two places in the paper, in Observation 3.2.2 and in
Remark 4.2.2.
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Running Assumption 2.0.4 In addition to Running Assumption 2.0.3, we assume our model category C
satisfies the following condition: a map X‚ Ñ Y‚ in the category of simplicial objects in C is a Reedy
cofibration between Reedy cofibrant objects whenever the following all hold:
(1) The object Xn in C is cofibrant for each n.
(2) Each degeneracy map si : Xn Ñ Xn`1 and si : Yn Ñ Yn`1 is a level-wise cofibration in C.
(3) Each induced map Xn Ñ Yn is a cofibration in C.
A consequence of this assumption is that the geometric realization of a map of simplicial objects in C
satisfying Item (1), Item (2), and Item (3) is a cofibration.
The main motivating example of a category C satisfying Running Assumption 2.0.3 is the category of
symmetric spectra in pointed simplicial sets sSet˚, denoted SpsSet˚ , equipped with the positive flat stable
model structure. In this case, then CommpCq is the category of commutative ring spectra and it is known to be
equivalent to the category of E8-ring spectra, see Corollary 4.8 in [44]. The existence of the desired model
structure on CommpCq is proven in Theorem 4.1 of [43]. The fact that the forgetful functor CommpCq Ñ C
commutes with geometric realization in the positive flat stable model structure on C is a consequence of [23,
Thm. 1.6]. The fact that there exists a model structure on CommpCq created by the forgetful functor and
that the forgetful functor preserves cofibrations with cofibrant source is a consequence of Theorem 5.7
in [44]. The category SpsSet˚ with the positive flat stable model structure satisfies Running Assumption
2.0.4, as the authors prove in [2]. To see that the level-wise cofibrations in symmetric spectra of pointed
simplicial sets are retractile, note that the level-wise cofibrations are simply the levelwise cofibrations of
pointed simplicial sets, hence levelwise monomorphisms of pointed simplicial sets, and monomorphisms are
retractile in any category. If f : A Ñ B is a flat cofibration in symmetric spectra then the pushout product
f ˝´ preserves level-wise cofibrations, so in particular all flat cofibrations are level-wise cofibrations and for
any flat cofibrant object X, the functor X ^ ´ preserves level-wise cofibrations (by Proposition 2.8 of [42],
for example).
3 Construction of the spectral sequence.
3.1 Filtered commutative monoids and associated graded commutative monoids.
Definition 3.1.1 By a cofibrant decreasingly filtered object in C we mean a sequence of cofibrations in C
¨ ¨ ¨
f3ÝÑ I2
f2ÝÑ I1
f1ÝÑ I0,
such that each object Ii is cofibrant.
Definition 3.1.2 By a cofibrant decreasingly filtered commutative monoid in C we mean: a cofibrant
decreasingly filtered object ¨ ¨ ¨
f3ÝÑ I2
f2ÝÑ I1
f1ÝÑ I0 in C, and for every pair of natural numbers i, j P N, a
map in C
ρi,j : Ii ^ Ij Ñ Ii`j,
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and a map η : 1 Ñ I0, satisfying the axioms listed below. For the sake of listing the axioms concisely, it
will be useful to have the following notation: if i1 ď i, we will write f i
1
i : Ii Ñ Ii1 for the composite
(8) f i
1
i “ fi1`1 ˝ fi1`2 ˝ ¨ ¨ ¨ ˝ fi´1 ˝ fi.
Here are the axioms we require:
Compatibility. For all i, j, i1, j1 P N with i1 ď i and j1 ď j, the following diagram commutes:
Ii ^ Ij
f i
1
i ^f
j1
j

ρi,j // Ii`j
f
i1`j1
i`j

Ii1 ^ Ij1
ρi1,j1 // Ii1`j1 .
Commutativity. For all i, j P N, the diagram
Ii ^ Ij
χIi,Ij

ρi,j
""❋
❋❋
❋❋
❋❋
❋
Ij ^ Ii ρj,i
// Ii`j
commutes, where χIi,Ij : Ii ^ Ij
–
ÝÑ Ij ^ Ii is the symmetry isomorphism in C.
Associativity. For all i, j, k P N, the following diagram commutes:
Ii ^ Ij ^ Ik
idIi ^ρj,k //
ρi,j^idIk

Ii ^ Ij`k
ρi,j`k

Ii`j ^ Ik ρi`j,k
// Ii`j`k.
Unitality. For all i P N, the diagram
1^ Ii
–
""❊
❊❊
❊❊
❊❊
❊❊
η^idIi

I0 ^ Ii ρ0,i
// Ii
commutes, where the map marked – is the (left-)unitality isomorphism in C.
Cofibrant in degree 0. The commutative monoid I0 is cofibrant in CommpCq.
Cofibrancy of degree 0 quotient. The composite map SÑ I0 Ñ I0{I1 is a level-wise cofibration in C.
Note that, in the “Cofibrancy of degree 0 quotient” condition, we do not require that I0{I1 be cofibrant
in CommpCq, but only that the map S Ñ I0 Ñ I0{I1 is a level-wise cofibration in C. We hope that
Observation 3.2.2 and Remark 3.2.3 will be helpful to the reader who is wondering about the role of the
“Cofibrancy of degree 0 quotient” condition.
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Remark 3.1.3 Note that, if I‚ is a cofibrant decreasingly filtered commutative monoid in C, then I0 is a
cofibrant commutative monoid in C, with multiplication map ρ0,0 : I0 ^ I0 Ñ I0 and unit map η : 1 Ñ I0.
The objects Ii for i ą 0 do not receive commutative monoid structures from the structure of I‚, but instead
play a role analogous to that of the nested sequence of powers of an ideal in a commutative ring. If we neglect
the commutativity axiom fromDefinition 3.1.2, then the special case ¨ ¨ ¨
id
ÝÑ I
id
ÝÑ I Ñ R of Definition 3.1.2
recovers the definition of a Smith ideal. Leaving the commutativity axiom in Definition 3.1.2 intact, we
recover the notion of a commutative Smith ideal, as studied in [44].
Definition 3.1.4 Suppose I‚ is a cofibrant decreasingly filtered commutative monoid in C. We shall say
that I‚ is Hausdorff if holimn In » 0. We shall say that I‚ is finite if there exists some n P N such that
fm : Im Ñ Im´1 is a weak equivalence for all m ą n.
Remark 3.1.5 Definition 3.1.2 has the advantage of concreteness, but if we are willing to temporarily
neglect the cofibrancy assumption in Definition 3.1.2, then there is an equivalent, more concise definition of
a decreasingly filtered commutative monoid. Observe that the the data of a decreasingly filtered commutative
monoid is the same as the data of a lax symmetric monoidal functor I‚ : N
op ÝÑ C,whereNop is the opposite
category of N, viewed as a partially ordered set, and equipped with a symmetric monoidal structure with
addition as the symmetric monoidal product and 0 as the unit.
Recall that due toDay [14], the full subcategory of lax symmetricmonoidal functors inCNop is equivalent to the
category Comm CNop of commutative monoid objects in the symmetric monoidal category pCNop ,bDay,1Dayq
where bDay is the (unenriched) Day convolution symmetric monoidal product and 1Day is the unit of this
symmetric monoidal product (see Day [14] for these constructions). In sum, specifying the data of a
decreasingly filtered commutative monoid, without the cofibrancy condition, is the same as specifying an
object in Comm CNop .
Remark 3.1.5 does not address the cofibrancy conditions needed for an object in the category Comm CNop
to be a cofibrant decreasingly filtered commutative monoid in C in the sense of Definition 3.1.1. We will
discuss this in detail in Section 4.1.
Definition 3.1.6 (The associated graded monoid.) Let I‚ be a cofibrant decreasingly filtered commutative
monoid in C. By E˚0 I‚, the associated graded commutative monoid of I‚, we mean the graded commutative
monoid object in C defined as follows: as an object of C,
E˚0 I‚ “
ž
nPN
In{In`1.
The unit map 1Ñ E˚0 I‚ is the composite 1
η
ÝÑ I0 Ñ I0{I1 ãÑ E
˚
0 I‚.
The multiplication on E˚0 I‚ is given as follows. Since the smash product commutes with colimits, hence with
coproducts, to specify a map E˚0 I‚ ^ E
˚
0 I‚ Ñ E
˚
0 I‚ it suffices to specify a component map
∇i,j : Ii{Ii`1 ^ Ij{Ij`1 Ñ E˚0 I‚
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for every i, j P N. We define such a map∇i,j as follows: first, we have the commutative square
Ii`1 ^ Ij
ρi`1,j //
fi`1^idIj

Ii`j`1
fi`j`1

Ii ^ Ij
ρi,j // Ii`j
so, since the vertical maps are cofibrations by Definition 3.1.2, we can take vertical cofibers to get a map
∇˜i,j : Ii{Ii`1 ^ Ij Ñ Ii`j{Ii`j`1,
which is well-defined by Running Assumption 2.0.3.
Now we have the commutative diagram
Ii`1 ^ Ij`1
idIi`1 ^fj`1
''PP
PP
PP
PP
PP
P
fi`1^idIj`1

ρi`1,j`1 // Ii`j`2
fi`j`2
''❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
fi`j`2

Ii`1 ^ Ij
fi`1^idIj

ρi`1,j // Ii`j`1
fi`j`1

Ii ^ Ij`1
idIi ^fj`1
''PP
PP
PP
PP
PP
P
ρi,j`1 //

Ii`j`1
fi`j`1
''❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖

Ii ^ Ij
ρi,j //

Ii`j

Ii{Ii`1 ^ Ij`1
idIi{Ii`1
^fj`1 ''❖❖
❖❖
❖❖
❖❖
❖❖
❖
∇˜i,j`1 // Ii`j`1{Ii`j`2
0
''❖❖
❖❖
❖❖
❖❖
❖❖
❖
Ii{Ii`1 ^ Ij
∇˜i,j // Ii`j{Ii`j`1
in which the columns are cofiber sequences. So we have a factorization of the composite map ∇˜i,j ˝`
idIi{Ii`1 ^fj`1
˘
through the zero object by Running Assumption 2.0.3 Thus, we have the commutative
square
Ii{Ii`1 ^ Ij`1
idIi{Ii`1
^fj`1

// 0

Ii{Ii`1 ^ Ij
∇˜i,j // Ii`j{Ii`j`1
and, taking vertical cofibers, a map
Ii{Ii`1 ^ Ij{Ij`1 Ñ Ii`j{Ii`j`1,
which we compose with the inclusion map Ii`j{Ii`j`1 ãÑ E
˚
0 I‚ to produce our desired map ∇i,j : Ii{Ii`1 ^
Ij{Ij`1 Ñ E
˚
0 I‚. (Note that all these maps are defined in the model category C, not just in Ho(C).)
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This produces a multiplication map E˚0 I‚^E
˚
0 I‚ Ñ E
˚
0 I‚ that, together with the unit map 1Ñ E
˚
0 I‚, satisfies
the necessary commutativity, associativity, and unitality conditions to make E˚0 I‚ a commutative monoid
object in C, by construction.
3.2 Tensoring and pretensoring over simplicial sets.
We will write f Sets for the category of finite sets. First we introduce the pretensor product, which is merely
a convenient notation for the well-known “Loday construction” of [29]:
Definition 3.2.1 We define a functor
´b˜´ : sf SetsˆComm C Ñ sComm C,
which we call the pretensor product, as follows. If X‚ is a simplicial finite set and A a commutative monoid
in C, the simplicial commutative monoid X‚b˜A is given by:
For all n P N, the n-simplex object pX‚b˜Aqn “
š
xPXn
A is a coproduct, taken in CommpCq, of copies of A,
with one copy for each n-simplex x P Xn. Recall that the categorical coproduct in CommpCq is the smash
product ^.
For all positive n P N and all 0 ď i ď n, the i-th face map
di : pX‚b˜Aqn Ñ pX‚b˜Aqn´1
is given on the component corresponding to an n-simplex x P Xn by the map
AÑ
ž
yPXn´1
A
which is inclusion of the coproduct factor corresponding to the pn´ 1q-simplex δipxq.
For all positive n P N and all 0 ď i ď n, the i-th degeneracy map
si : pX‚b˜Aqn Ñ pX‚b˜Aqn`1
is given on the component corresponding to an n-simplex x P Xn by the map
AÑ
ž
yPXn`1
A
which is inclusion of the coproduct factor corresponding to the pn` 1q-simplex σipxq.
We have defined the pretensor product on objects; it is then defined on morphisms in the evident way.
We define the tensor product
´b´ : sf SetsˆComm C Ñ Comm C
as the geometric realization of the pretensor product:
X‚ b A “ |X‚b˜A| .
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It is easy to check that X‚b˜A is indeed a simplicial object in CommpCq.
When C is the category of symmetric spectra, the tensor product X‚ b A agrees with the tensoring of
commutative ring spectra over simplicial sets. (This is proven in [35], although using (an early incarnation
of) S-modules [20], rather than symmetric spectra; the symmetricmonoidalQuillen equivalence of S-modules
and symmetric spectra, as in [41], then gives us the same result in symmetric spectra.) The same is true
when E is a commutative S-algebra and C is the category of E-modules. In fact, the tensor product defined
in Definition 3.2.1 agrees with the tensoring over simplicial sets in every case of a symmetric monoidal
model category whose category of commutative monoids is tensored over simplicial sets that is known to
the authors.
In particular, when X‚ is the minimal simplicial model for the circle S
1
‚, then S
1
‚b˜A is the cyclic bar
construction on A, and hence (by the main result of [35]) S1‚ b A agrees with the topological Hochschild
homology ring spectrum THHpA,Aq.
For other simplicial sets, X‚ b A is regarded as a generalization of topological Hochschild homology, eg as
“higher order Hochschild homology” in [37].
Observation 3.2.2 Suppose I‚ is a cofibrant decreasingly filtered commutative monoid, in the sense of
Definition 3.1.2, and suppose that X‚ is a simplicial finite set. The assumptions made in Definition 3.1.2,
particularly the “Cofibrancy of degree 0 quotient” assumption, together with Running Assumption 2.0.4,
ensures that X‚b˜E
˚
0 I‚ is Reedy-cofibrant as a simplicial object of C (but not as a simplicial object of
CommpCq). The argument is as follows: each In`1 Ñ In is a cofibration in C, so the pushout map
0Ñ In{In`1 is a cofibration, so each In{In`1 is cofibrant. So for eachm, Xmb˜E
˚
0 I‚ is a coproduct of cofibrant
objects, hence Xmb˜E
˚
0 I‚ is cofibrant for each m. So, if we know that each degeneracy map in X‚b˜E
˚
0 I‚ is
a level-wise cofibration (in the sense of Running Assumption 2.0.3), then X‚b˜E
˚
0 I‚ is Reedy-cofibrant in
C∆op by Running Assumption 2.0.4. The degeneracy maps in X‚b˜E˚0 I‚ are smash products of coproducts
of copies of the map 0 Ñ In{In`1 for n ą 0 and copies of the composite map S Ñ I0 Ñ I0{I1, so the
“Cofibrancy of degree 0 quotient” condition from Definition 3.1.2 is exactly what is necessary to ensure that
the degeneracy maps are level-wise cofibrations and hence that X‚b˜E
˚
0 I‚ is Reedy-cofibrant in C∆
op
.
Remark 3.2.3 Because of Observation 3.2.2, we claim that when I‚ is a cofibrant decreasingly filtered
commutative monoid, the spectral sequence of Definition 3.4.2 that we will construct using the pretensor
product has good homotopical properties, even though the assumptions in Definition 3.1.2 are not enough
to guarantee that E˚0 I‚ is cofibrant in CommpCq. For the sake of the spectral sequence of Definition 3.4.2
(ie, the central motivating construction in this paper), it is enough to know that X‚ b E
˚
0 I‚ has the correct
homotopy type, ie, that generalized homologies of X‚ b E
˚
0 I‚ are computable from those of π˚ pE
˚
0 I‚q by
the usual methods (eg the Bo¨kstedt spectral sequence) one uses in order to compute THH or its higher-order
variants.
For that purpose, it is enough to know that X‚b˜A is Reedy-cofibrant as a simplicial object of C, not necessarily
as a simplicial object of CommpCq. This is because Reedy-cofibrancy of X‚b˜A as a simplicial object of C
is enough to give us a Bousfield-Kan-type spectral sequence with E2-term the homology of the alternating
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sign chain complex obtained by applying a generalized homology theory E˚ to X‚b˜A, and which converges
to E˚ |X‚b˜A| “ E˚ pX‚ b Aq (the Bo¨kstedt spectral sequence is the special case E “ HFp); and it is enough
to tell us that the geometric realization |X‚b˜A| “ X‚ b A is a model for the homotopy colimit of the functor
∆
op Ñ C given by X‚b˜A. See Chapter XII of [10] for a classical account of these ideas; we also provide
some details and discussion in the present paper in Theorem B.1.5.
More is true, however: suppose that I‚ is a cofibrant decreasingly filtered commutative monoid, and suppose
that we are not satisfied by E˚0 I‚’s lack of cofibrancy in CommpCq. Let cE˚0 I‚ be a cofibrant commutative
monoid in C and let cE˚0 I‚ Ñ E˚0 I‚ be a weak equivalence in CommpCq. Then
(9) X‚b˜cE
˚
0 I‚ Ñ X‚b˜E
˚
0 I‚
is a Reedy weak equivalence (in CommpCq∆op as well as in C∆op) whose domain and codomain are both
Reedy-cofibrant in C∆op , so (9) induces a weak equivalence (in C) on geometric realizations, by the famous
Theorem D in Reedy’s thesis [39]. So, as long as I‚ is a cofibrant decreasingly filtered commutative monoid,
the homotopy type of X‚ b E
˚
0 I‚ in C is not affected by the failure of E˚0 I‚ to be cofibrant in CommpCq.
3.3 The fundamental theorem of the May filtration.
The fundamental theorem of the May filtration relies on the following lemma.
Lemma 3.3.1 Suppose I, J are objects of C and f : I1 Ñ I and g : J1 Ñ J are cofibrations. Suppose
I, J, I1, J1 are cofibrant. Let P “ I ^ J1
š
I1^J1 I
1 ^ J denote the pushout (which, by Running Assumption
2.0.3, is a homotopy pushout). Let f ˝ g : P Ñ I ^ J denote the canonical map given by the universal
property of the pushout, known as the pushout product. Then f ˝ g is a cofibration by the pushout product
axiom in the definition of a monoidal model category, as in [43] and the cofiber of f ˝ g is isomorphic to
pI{I1q ^ pJ{J1q. So the following sequence is a cofiber sequence:
(10) P
f
ÝÑ I ^ J Ñ pI{I1q ^ pJ{J1q.
Proof This lemma occurs as Lemma 4.7 in May [33] and its proof is easily generalized to a general model
category C satisfying Running Assumption 2.0.3.
We now define some categories and functors that will be important for Definition 3.3.2. If S is a finite set,
we will equip the set, NS, of functions from S to N with the L1-norm, that is, |x| “
ř
sPS xpsq, and with the
strict direct product order, that is, x ď y in NS if and only if xpsq ď ypsq for all s P S. If T
f
ÝÑ S is a function
between finite sets, let NT
Nf
ÝÑ NS be the function of partially-ordered sets defined by`
Nf pxq
˘
psq “
ÿ
ttPT : f ptq“su
xptq.
If S is a finite set, for each n P Nwe will letDSn be the sub-poset of NS consisting of all functions x P NS such
that |x| ě n. If T
f
ÝÑ S is a function between finite sets, let DTn D
f
nÝÑ DSn be the function of partially-ordered
sets defined by restricting Nf to DTn .
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For each x P NS and each n P N, let DSn;x denote the following sub-poset of NS:
(11) DSn;x “
 
y P NS : y ě x, and |y| ě n` |x|
(
.
So, for example, DS
n;~0
“ DSn , where ~0 is the constant zero function. If T fÝÑ S is a function between
finite sets and x P NT and n P N, let DTn;x
D
f
n;x
ÝÑ DS
n;D
f
npxq
be the function of partially-ordered sets defined by
restricting Nf to DTn;x.
Let S be a finite set and let n be a nonnegative integer. We write ESn,k for the set
(12) ESn,k “
 
x P t0, 1, . . . , nuS : |x| ě k
(
.
When n “ k, we simply write ESn for this partially ordered set. The definition of ESn is natural in S in the
following sense: if T
f
ÝÑ S is a injective map of finite sets, thenNf naturally restricts to a function ETn Ñ ESn .
Definition 3.3.2 Suppose I‚ is a cofibrant decreasingly filtered object in C and suppose S is a finite set.
We will let FSpI‚q :
`
NS
˘op
Ñ C be the functor sending x to the smash product ^sPSIxpsq, and defined on
morphisms in the apparent way, and we will let FSn pI‚q :
`DSn˘op ãÑ `NS˘op FSpI‚qÝÑ C be the functor which is
the composite of FSpI‚q with the inclusion of pDSnqop into pNSqop as a subcategory.
If x P DSn, we will write FSn;xpI‚q for the restriction of the diagram FSpI‚q to DSn;x, that is, FSn;xpI‚q is
the composite FSn;xpI‚q : pDSn;xqop ãÑ
`
NS
˘op FSpI‚q
ÝÑ C. Finally, let MSnpI‚q denote the colimit MSnpI‚q “
colim
`FSn pI‚q˘ in C. By the natural inclusion of DSn into DSn´1 as a subcategory, we now have a sequence in
C:
(13) ¨ ¨ ¨ ÑMS3pI‚q ÑMS2pI‚q ÑMS1pI‚q ÑMS0pI‚q – ^sPSI0.
We refer to the functor Nop Ñ C given by sending n toMSnpI‚q as the May filtration on ^sPSI0.
The May filtration is functorial in S in the following sense: if T
f
ÝÑ S is a map of finite sets, we have a
functor
Dfn : DTn Ñ DSn`Dfnpxq˘ psq ÞÑ ÿ
ttPT : f ptq“su
xptq
and a map of diagrams from FTn pI‚q to FSn pI‚q given by sending the object FTn pI‚qpxq “ ^tPTIxptq to the
object FSn pI‚qpDfnpxqq “ ^sPSIΣttPT : fptq“suxptq by the map
^tPTIxptq Ñ ^sPSIΣttPT : fptq“suxptq
given as the smash product, across all s P S, of the maps
^ttPT : f ptq“suIxptq Ñ IΣttPT : fptq“suxptq
given by multiplication via the maps ρ of Definition 3.1.2.
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To really make Definition 3.3.2 precise, we should say in which order we multiply the factors Ixptq using the
maps ρ; but the purpose of the associativity and commutativity axioms in Definition 3.1.2 is that any two
such choices commute, so any choice of order of multiplication will do.
Definition 3.3.3 (Definition of the May filtration.) If I‚ is a cofibrant decreasingly filtered commu-
tative monoid in C and X‚ a simplicial finite set, by the May filtration on X‚b˜I0 we mean the functor
MX‚pI‚q : Nop Ñ C∆op given by sending a natural number n to the simplicial object MX‚n pI‚q of C, with
MXin pI‚q defined as in Definition 3.3.2, and with face and degeneracy maps defined as follows: The face
map di : MXjn pI‚q ÑMXj´1n pI‚q is the colimit of the map of diagrams FXjn pI‚q Ñ FXj´1n pI‚q induced, as in
Definition 3.3.2, by δi : Xj Ñ Xj´1. The degeneracy map si : MXjn pI‚q Ñ MXj`1n pI‚q is the colimit of the
map of diagrams FXjn pI‚q Ñ FXj`1n pI‚q induced, as in Definition 3.3.2, by σi : Xj Ñ Xj`1.
Remark 3.3.4 Note that the associative, commutative, and unital multiplications on the objects Ii, via the
maps ρ of Definition 3.1.2, also yield (by taking smash products of the maps ρ) associative, commutative,
and unital multiplication natural transformations
(14) FSmpI‚q ^ FSn pI‚q Ñ FSm`npI‚q,
hence, on taking colimits, associative, commutative, and unital multiplication maps
MSmpI‚q ^MSnpI‚q ÑMSm`npI‚q,
ie, the functor Nop Ñ C sending n to MSnpI‚q is a cofibrant decreasingly filtered commutative monoid, in
the sense of Definition 3.1.2. Note furthermore that, if f : T Ñ S is a map of finite sets, then the induced
maps FTmpI‚q Ñ FSmpI‚q commute with the multiplication maps (14), and soMT‚ pI‚q ÑMS‚pI‚q is a map of
cofibrant decreasingly filtered commutative monoids.
Consequently, for any simplicial finite set X‚, we have thatMX‚‚ pI‚q is a simplicial object in the category of
cofibrant decreasingly filtered commutative monoids in C. Since geometric realization commutes with the
monoidal product in C by our running assumptions on C, this in turn implies that the geometric realizationˇˇMX‚‚ pI‚qˇˇ ofMX‚‚ pI‚q is a cofibrant decreasingly filtered commutative monoid in C by Running Assumption
2.0.4. It can easily be shown thatMX‚n pI‚q satisfies Running Assumption 2.0.4’s Item (2) for each n since
I0 is assumed cofibrant as an object in C. Running Assumption 2.0.4’s Item (1) and Item (3) are satisfied
by definition ofMX‚n pI‚q and by definition of the mapsMX‚n pI‚q ÑMX‚n´1pI‚q. Therefore, the commutative
monoid
ˇˇMX‚‚ pI‚qˇˇ in CNop is a cofibrant decreasingly filtered commutative monoid in C. (We remind the
reader that, by the main theorem of the authors’ paper [2], an example of a setting in which Running
Assumption 2.0.4 holds is the category of symmetric spectra equipped with the positive flat stable model
structure.)
Definition 3.3.5 Suppose n P N. We have the canonical inclusion of categories ι : DSn`1 ãÑ DSn . We
will write F˜Sn`1pI‚q for the left Kan extension of FSn`1pI‚q : pDSn`1qop Ñ C along ιop, ie, if we write
Kan : CpDSn`1qop Ñ CpDSnqop for the left adjoint of the functorCpDSn qop Ñ CpDSn`1qop induced by ι, then F˜Sn`1pI‚q “
KanpFSn`1pI‚qq. By the universal property of this Kan extension, we have a canonical map c : F˜Sn`1pI‚q Ñ
FSn pI‚q.
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Remark 3.3.6 It is a elementary exercise in combinatorics to show that there are
`
n`#pSq
n
˘
elements in the
set tx P NS : |x| “ nu, where #pSq is the cardinality of S. This set indexes a coproduct in the following
lemma.
Lemma 3.3.7 Let I‚ be a cofibrant decreasingly filtered object in C and let S be a finite set. Then the cofiber
of the map
colim
`F˜Sn`1pI‚q˘ colim cÝÑ colim `FSn pI‚q˘ ,
computed in C, is isomorphic to the coproduct in Cž
txPNS : |x|“nu
``
^sPSIxpsq
˘
{
`
colimFS1;xpI‚q
˘˘
(see Definition 3.3.5 for the definition of the map c). This isomorphism is natural in the variable S.
Proof One knows that the left Kan extension of FSn`1pI‚q agrees with FSn`1pI‚q wherever both are defined:
given x P DSn`1, the pointwise formula for a Kan extension gives us that F˜Sn`1pI‚qpxq is the colimit,
over all y Ñ x in DSn`1, of FSn`1pI‚qpyq. Since the identity map on x is already in DSn`1, we get that
F˜Sn`1pI‚qpxq – FSn`1pI‚qpxq. Hence,
F˜Sn`1 pI‚q pxq – FSn`1 pI‚q pxq
“ ^sPSIxpsq
for all x P DSn`1 Ď DSn. The elements of DSn which are not in DSn`1 are those x such that |x| “ n, and by
the pointwise formula for a Kan extension (see eg [31]) one knows that, for all x such that |x| “ n, we have
an isomorphism of F˜Sn`1pI‚q pxq with the colimit of the values of FSn`1pI‚q over those elements of pDSn`1qop
which map to x, ie, the colimit of the values of FSn`1pI‚q over pDS1,xqop Ď pDSn`1qop, ie, colim
´
FS1,xpI‚q
¯
.
For each x P DSn , the map cpxq can be shown to be a cofibration by iterated use of the pushout product
axiom, so the cofiber of cpxq is a homotopy cofiber. By the previous paragraph the levelwise cofiber
cof c : pDSnqop Ñ C of the natural transformation c is given as follows:
pcof cq pxq –
#
0 if |x| ą n`FSn pI‚q˘ {´colim ´FS1,xpI‚q¯¯ if |x| “ n.
Hence, on taking colimits, we have
cof colim c – colim cof c
“
ž
txPNS : |x|“nu
``
^sPSIxpsq
˘
{
`
colimFS1;xpI‚q
˘˘
,
as claimed.
Lemma 3.3.8 Suppose S is a finite set and suppose Zs,1 Ñ Zs,0 is a cofibration for each s P S. Suppose the
objects Zs,1,Zs,0 are all cofibrant. LetGS : pES1 qop Ñ C be the functor given on objects by GSpxq “ ^sPSZs,xpsq,
and given on morphisms in the obvious way.
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Then the smash product ^sPSZs,0 Ñ ^sPS pZs,0{Zs,1q of the cofiber projections Zs,0 Ñ Zs,0{Zs,1 fits into a
cofiber sequence:
colim GS Ñ ^sPSZs,0 Ñ ^sPS pZs,0{Zs,1q .
Proof If the cardinality of S is one, the statement of the lemma is true by the definition of a cofiber.
The case in which the cardinality of S is two is precisely Lemma 3.3.1, already proven.
For the case in which the cardinality of S is greater than two, we introduce a notation we will need to use:
let PO denote the category indexing pushout diagrams, ie,
(15) PO “
¨
˚˚˚
˝
r11s
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
  ❆
❆❆
❆❆
❆❆
❆
r1s r0s
˛
‹‹‹‚,
the symbols r11s, r1s, r0s each representing an object, and the arrows each representing a morphism. We
observe that PO and ES1 are not arbitrary small categories but are in fact partially-ordered sets; this simplifies
some of the arguments we will give in the rest of the proof.
Suppose the cardinality of S is greater than two. Choose an element s0 P S. We will write S
1 for the
complement, S1 “ ts P S : s ‰ s0u, of s0 in S. Define objects X
1
1,X
1
2,Y
1
1,Y
1
2 in C as follows: Y 11 “ colim GS1 ,
X11 “ ^sPS1Zs,0, Y
1
2 “ Zs0,1 and X
1
2 “ Zs0,0. Now we apply the statement of the lemma, in the (already proven,
above) case S “ t1, 2u and using X11,X
1
2,Y
1
1,Y
1
2 in place of Z1,0,Z2,0,Z1,1,Z2,1 to obtain a cofiber sequence
(16) colimB Ñ ^sPSZs,0 Ñ ^sPS pZs,0{Zs,1q ,
where B is the functor PO Ñ C given by:
B `r11s˘ “ pcolim GS1q ^ Zs0,1
B pr1sq “ p^sPS1Zs0,0q ^ Zs0,1
B pr0sq “ pcolim GS1q ^ Zs0,0.
By Lemma 3.3.1, we know that the map colim GS1 ÝÑ ^sPS1Zs,0 is a cofibration in the case S “ t1, 2u. Since
colimB is constructed as a pushout, the pushout product axiom ensures that the map colimB ÝÑ ^sPSZs,0
is also a cofibration as long as colim GS1 ÝÑ ^sPS1Zs,0 is a cofibration. It suffices to show that colimB –
colim GS. This will show that the map colim GS ÝÑ ^sPSZs,0 is a cofibration and allow us to identify the
cofiber, thus completing the induction on the cardinality of the set S. We can reindex, to describe colimB as
the colimit of a larger diagram H:
H : pES11 qop ˆ PO Ñ C`
x, r11s
˘
ÞÑ
`
^sPS1Zs,xpsq
˘
^ Zs0,1
px, r1sq ÞÑ p^sPS1Zs,0q ^ Zs0,1
px, r0sq ÞÑ
`
^sPS1Zs,xpsq
˘
^ Zs0,0
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We have a functor
P : pES11 qop ˆ PO Ñ pES1 qop`
x, r11s
˘
psq “
"
xpsq if s ‰ s0
1 if s “ s0
px, r1sq psq “
"
0 if s ‰ s0
1 if s “ s0
px, r0sq psq “
"
xpsq if s ‰ s0
0 if s “ s0
.
Now we claim that the canonical map colimHÑ colim GS given by P is an isomorphism in C. We define a
functor
I : pES1 qop Ñ pES
1
1 q
op ˆ PO
x ÞÑ
"
pI1pxq, r11sq if xps0q “ 1
pI1pxq, r0sq if xps0q “ 0
where I1 : pES1 qop Ñ pES
1
1 q
op is the functor given by restriction, ie, I1pxqpsq “ xpsq for s P S1. Now we observe
some convenient identities:
pGS ˝ Pqpx, jq “
$&
%
`
^sPS1Zs,xpsq
˘
^ Zs0,1 if j “ r1
1s`
^sPS1Zs,xpsq
˘
^ Zs0,0 if j “ r0s
p^sPS1Zs,0q ^ Zs0,1 if j “ r1s
“ Hpx, jq, and
pH ˝ Iqpxq “
" `
^s1Zs,xpsq
˘
^ Zs0,1 if xs0 “ 1`
^s1Zs,xpsq
˘
^ Zs0,0 if xs0 “ 0
“ GSpxq.
We conclude that P, I give mutually inverse maps between colim GS and colimH, ie, colim GS – colimH
and hence colim GS – colimB, as desired. So from cofiber sequence (16), we have a cofiber sequence
colim GS Ñ ^sPSZs,0 Ñ ^sPS pZs,0{Zs,1q ,
as desired.
From inspection of the colimit diagrams one sees that the cofiber sequence (16) does not depend on the
choice of s0 P S, and naturality in S follows.
Lemma 3.3.9 Let S be a finite set, let n be a positive integer, and let x P NS. Let ESn andDSn;x be the partially-
ordered sets defined in equations (11) and (12). Let JSn;x be the functor (ie, morphism of partially-ordered
sets) defined by
JSn;x : ESn Ñ DSn;x
pJn;xpyqqpsq “ xpsq ` ypsq.
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Then Jn;x has a right adjoint. Consequently Jn;x is a cofinal functor, ie, for any functor F defined onDSn;x such
that the limit limF exists, the limit limpF ˝ JSn;xq also exists, and the canonical map limpF ˝ J
S
n;xq Ñ limF is
an isomorphism.
Proof We construct the right adjoint explicitly. Let KSn;x be the functor defined by
KSn;x : DSn;x Ñ ESn
pKSn;xpyqqpsq “ mintn, ypsq ´ xpsqu.
(We remind the reader that every element y P DSn;x has the property that ypsq ě xpsq for all s P S, so ypsq´xpsq
will always be nonnegative.)
Now suppose z P ESn and y P DSn;x. Then: z ď KSn;xpyq if and only if zpsq ď KSn;xpyqpsq for all s P S, ie,
z ď KSn;xpyq if and only if zpsq ď mintn, ypsq ´ xpsqu for all s P S. By the definition of ESn , zpsq ď n for
all s P S. Hence z ď KSn;xpyq if and only if zpsq ď ypsq ´ xpsq for all s P S, ie, z ď K
S
n;xpyq if and only
if xpsq ` zpsq ď ypsq for all s P S, ie, z ď KSn;xpyq if and only if J
S
n;xpzq ď y. Hence homESn pz,K
S
n;xpyqq is
nonempty if and only if homDSn;xpJ
S
n;xpzq, yq is nonempty. Since ESn and DSn;x are partially-ordered sets and
hence their hom-sets are either nonempty or have only a single element, we now have a (natural) bijection
homESn pz,K
S
n;xpyqq – homDSn;xpJ
S
n;xpzq, yq
which is exactly what we are looking for: JSn;x is left adjoint to K
S
n;x.
For the fact that having a right adjoint implies cofinality, see section IX.3 of Mac Lane’s [31]. (Mac Lane
handles the equivalent dual case.)
Theorem 3.3.10 (Fundamental theorem of theMay filtration.) Let I‚ be a cofibrant decreasingly filtered
commutative monoid in C, and let X‚ be a simplicial finite set. Then the associated graded commutative
monoidE˚0
ˇˇMX‚pI‚qˇˇ of the geometric realization of theMayfiltration isweakly equivalent, as a commutative
graded monoid, to the tensoring X‚ b E
˚
0 I‚ of X‚ with the associated graded commutative monoid of I‚:
E˚0
ˇˇMX‚pI‚qˇˇ » X‚ b E˚0 I‚.
Proof We must compute the filtration quotients
(17)
ˇˇMX‚n pI‚qˇˇ { ˇˇMX‚n`1pI‚qˇˇ – ˇˇMX‚n pI‚q{MX‚n`1pI‚qˇˇ .
(We have isomorphism (17) because
ˇˇMX‚n`1pI‚qˇˇÑ ˇˇMX‚n pI‚qˇˇ is a cofibration, by Remark 3.3.4.)
We compute the filtration quotients as follows. First, we claim that there exists, for any finite set S and for
all n P N, a cofiber sequence
(18) colim
`FSn`1pI‚q˘Ñ colim `FSn pI‚q˘Ñ ž
xPNS : |x|“n
`
^sPS
`
Ixpsq{I1`xpsq
˘˘
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in C, natural in S. We have already defined (in Definition 3.3.2) how FSn is natural, ie, functorial in S;
by taking the obvious coproduct of quotients, this naturality in S induces a naturality in S on the termsš
xPNS : |x|“n
`
^sPS
`
Ixpsq{I1`xpsq
˘˘
appearing in (18). The claim that (18) is a cofiber sequence implies that
(19) |MXkn pI‚q|{|MXkn`1pI‚q| –
ž
xPNXk : |x|“n
`
^sPXk
`
Ixpsq{I1`xpsq
˘˘
,
and naturally implies the necessary naturality with respect to the face and degeneracy maps.
We now show that the cofiber sequence (18) exists. First, by the universal property of the Kan extension
from Lemma 3.3.7, the cofiber of the map colimpFSn`1pI‚qq Ñ colimpFSn pI‚qq agrees with the cofiber of the
map colimpF˜Sn`1pI‚qq Ñ colimpFSn pI‚qq. By Lemma 3.3.7, this cofiber is the coproductž
txPNS : |x|“nu
``
^sPSIxpsq
˘
{
`
colimFS1;xpI‚q
˘˘
.
In Lemma 3.3.9, we showed that the functor J1;x is cofinal, hence that the comparison map of colimits
colim pF1;xpI‚q ˝ J1;xq Ñ colim pF1;xpI‚qq
is an isomorphism. (We here have a colimit, not a limit as in the statement of Lemma 3.3.9, since F1;xpI‚q
is a contravariant functor on DS1;x. Of course Lemma 3.3.9 still holds in this dual form.)
Now Lemma 3.3.8 identifies the cofiber`
^sPSIxpsq
˘
{ pcolim pF1;xpI‚q ˝ J1;xqq
with ^sPS
`
Ixpsq{I1`xpsq
˘
, as desired. So we have our cofiber sequence of the form (18).
All isomorphisms in the lemmas we have invoked in this proof are natural in S, with the exception of the
isomorphisms from Lemma 3.3.9 and Lemma 3.3.8 which directly involve ES1 , only because we did not
specify in Lemma 3.3.8 how GS is functorial in S. In the present proof, GS is F1;xpI‚q ˝ J1;x, and the cofinality
of J1;x together with the fact that K1;x ˝ J1;x “ idES
1
implies, on inspection of the colimit diagrams, that the
isomorphism
colim GS “ colim pF1;xpI‚q ˝ Jxq
– colim pF1;xpI‚qq
is natural in S; details are routine and left to the reader. We conclude that the cofiber sequence (18) is indeed
natural in S.
Now we have the sequence of simplicial commutative monoids in C:
MX‚0 pI‚q MX‚1 pI‚qoo MX‚2 pI‚qoo . . .oo
and geometric realization commuting with cofibers together with the isomorphism (19) implies that the
comparison map
(20) X‚ b E
˚
0 I‚ Ñ E
˚
0
ˇˇMX‚pI‚qˇˇ
of objects in C is a weak equivalence. Hence the comparison map (20) in CommpCq must also be a weak
equivalence, since the weak equivalences in CommpCq are created by the forgetful functor CommpCq Ñ C,
by Running Assumption 2.0.3.
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3.4 Construction of the topological Hochschild-May spectral sequence.
Definition 3.4.1 By a connective generalized homology theory on C we shall mean the choice, for each
integer n, of a functor En : HopCq Ñ Ab satisfying the axioms:
Exactness For each integer n and each distinguished triangle X Ñ Y Ñ Z Ñ ΣX in HopCq, the following
sequence of abelian groups is exact:
. . . // EnpYq // EnpZq // EnpΣXq // EnpΣYq // EnpΣZq // . . .
Additivity For each integer n and each collection of objects tXiuiPI in HopCq, the following canonical map
of abelian groups is an isomorphism: ž
iPI
EnpXiq Ñ Enp
ž
iPI
Xiq.
Connectivity of the unit object We have Enp1q – 0 for all n ă 0.
Connectivity of smash products Suppose that X,Y are objects of C, and that A,B are nonnegative integers
such that EnpXq – 0 for all n ă A, and EnpYq – 0 for all n ă B. Then EnpX ^ Yq – 0 for all
n ă A` B.
Clearly, Definition 3.4.1 is just a formulation, in a general pointed model category, of (the triangulated
category form of) the Eilenberg-Steenrod axioms, from [19], for a generalized homology theory with
connective coefficients. The “connectivity of smash products” axiom is easily proven anytime one has an
E-homology Ku¨nneth spectral sequence in C, which is the case in any of the usual models for the stable
homotopy category.
Definition 3.4.2 If I‚ is a cofibrant decreasingly filtered commutative monoid in C, X‚ is a simplicial finite
set, and E˚ is a connective generalized homology theory on C, then by the topological Hochschild-May
spectral sequence for X‚b˜I‚ we mean the spectral sequence obtained by applying E˚ to the tower of cofiber
sequences in C
(21) . . . //
ˇˇMX‚1 pI‚qˇˇ //

ˇˇMX‚0 pI‚qˇˇ
ˇˇMX‚1 pI‚qˇˇ { ˇˇMX‚2 pI‚qˇˇ ˇˇMX‚0 pI‚qˇˇ { ˇˇMX‚1 pI‚qˇˇ .
That is, it is the spectral sequence of the exact couple
D1˚,˚
// D1˚,˚
}}④④
④④
④④
④④
E1˚,˚
aa❈❈❈❈❈❈❈❈
where E1˚,˚ “
À
i,jHi
ˇˇˇ
MX‚j pI‚q
ˇˇˇ
{
ˇˇˇ
MX‚j`1pI‚q
ˇˇˇ
and D1˚,˚ “
À
i,jHi
ˇˇˇ
MX‚j pI‚q
ˇˇˇ
.
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Lemma 3.4.3 (Connectivity conditions.) Let E˚ be a connective generalized homology theory on C.
Suppose that there exist objects Z,E of C such that E˚p´q is naturally isomorphic to rΣ˚Z,E ^´s. Let
(22) ¨ ¨ ¨ Ñ Y2 Ñ Y1 Ñ Y0
be a sequence in C, and suppose that EnpYiq – 0 for all n ă i. Then
rΣnZ, holimipE ^ Yiqs – 0
for all n. If we instead suppose that A is a nonnegative integer and that X‚ is a simplicial object of C such
that EnpXiq – 0 for all n ă A and all i, then En p|X‚|q – 0 for all n ă A.
Proof Since C is assumed stable, the homotopy limit holimi Yi is the homotopy fiber of the mapź
nPN
Yn
id´T
ÝÑ
ź
nPN
Yn
in HopCq, where T is the product of the maps Yn Ñ Yn´1 occuring in the sequence (22). For each object
Z of C, we then have the long exact sequence obtained by applying the functor rΣ˚Z,E ^ ´s to the fiber
sequence
holimi Yi Ñ
ź
nPN
Yn
id´T
ÝÑ
ź
nPN
Yn.
hence the Milnor exact sequence
0Ñ R1 lim
i
rΣj`1Z,E ^ Yis Ñ rΣ
jZ, holimi E ^ Yis Ñ lim
i
rΣjZ,E ^ Yis Ñ 0.
The assumption that rΣjZ,E ^ Yis – 0 for j ă i guarantees that the sequence
¨ ¨ ¨ Ñ rΣjZ,E ^ Y2s Ñ rΣ
jZ,E ^ Y1s Ñ rΣ
jZ,E ^ Y0s
is eventually constant and zero for all j, hence both its limit and R1 lim vanish for all j, hence rΣjZ, holimi E^
Yis – 0 for all j.
The Bousfield-Kan spectral sequence, ie, the E-homology spectral sequence of the simplicial object X‚,
has input E1s,t – πspE ^ Xtq and converges to Es`t p|X‚|q, since EnpXiq – 0 for all n ă A and all i. The
differential in this spectral sequence is of the form dr : Ers,t Ñ E
r
s´r,t`r´1, hence this spectral sequences has
a nondecreasing upper vanishing curve at E1, hence converges strongly. Triviality of E1s,t for s ă A and t ă 0
then gives us that Es p|X‚|q vanishes for s ă A.
Definition 3.4.4 If S is a finite set, recall that DSi is the partially-ordered set of functions f : S Ñ N such
that |f | ě i. The category pDSi qop has a cofinal subcategory pESi qop defined in (12). We give this cofinal
subcategory a Reedy category structure by letting the degree function be ´ |s|, letting ppESi qopq` contain all
morphisms and ppESi qopq´ contain only identity morphisms.
Remark 3.4.5 Since the category pESi qop is a direct category by Definition 3.4.4, the Reedy model structure
on the category of functors of the form pESi qop Ñ C, where C is a model category, agrees with the projective
model structure.
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Since |x| ă i¨p#Sq, the target of the degree map on pESi qop is a (finite) ordinal, and this satisfies the requirement
for a Reedy category.
Lemma 3.4.6 Let S be a finite set, and for each integer i, let DSi and pESi qop be the categories defined
immediately preceding Definition (3.3.2). For each s P S and each n P N, let Jn`1psq Ñ Jnpsq be a
cofibration between cofibrant objects in C, and let J : pDSi qop ÝÑ C be the functor given by J pf q “
^sPSJf psqpsq. equip pESi qop with the Reedy structure of Definition 3.4.4. Then the restriction of J to pESi qop
is Reedy-cofibrant.
Furthermore, if N is an integer and we additionally assume that E˚ is a connective generalized homology
theory (as defined in Definition 3.4.1) such that EmpJ pf qq – 0 for all m ă N and f P pDSi qop, then
Em pcolimJ q – 0 for all m ă N and all integers i.
Proof Choose an object f P pESi qop. Then let pES1;f qop be the punctured overcategory of f , ie, pES1;f qop is the
full subcategory of the overcategory pESi qop Ó f generated by all objects other than idf . The latching object
Lf pJ˜ q is simply the colimit of J˜ restricted to ppES1;f qopq` “ pES1;f qop, and in pES1;f qop we have the cofinal
subcategory consisting of all functions g : S Ñ N such that g ‰ f and such that f psq ď gpsq ď f psq ` 1 for
all s P S.
The composite map
colim
`J˜ ˘op –ÝÑ Lf pJ˜ q Ñ J˜ pf q
is precisely the pushout product of the maps tJf psq`1psq Ñ Jf psqpsqusPS and therefore it is a cofibration by
the pushout product axiom. Hence, J˜ is Reedy cofibrant.
Since J˜ is also projectively cofibrant by Remark 3.4.5, colim J˜ is weakly equivalent to ˇˇsr `J˜ ˘ˇˇ by Theo-
rem B.1.2. Since the category pESi qop is cofinal in pDSi qop,
E˚ pcolimJ q – E˚
`
colim J˜ ˘ .
Together, these two facts imply that E˚ pcolim pJ qq is concentrated in degrees ě N by Theorem B.1.5.
Lemma 3.4.7 Suppose E˚ is a connective generalized homology theory as defined in Definition 3.4.1,
and MSi pI‚q is the i-th degree of the May filtration for a finite set S and a cofibrant decreasingly filtered
commutative monoid I‚ as defined in Definition 3.1.2. Then, if EmpIiq – 0 for all m, i P N such that m ă i,
then EmpMSi pI‚qq – 0 for all m, i P N such that m ă i.
Proof Immediate from Lemma 3.4.6 and the connectivity hypotheses in Definition 3.4.1.
Algebraic & Geometric Topology XX (20XX)
1024 Gabe Angelini-Knoll and Andrew Salch
Theorem 3.4.8 Suppose I‚ is a Hausdorff cofibrant decreasingly filtered commutative monoid in C, X‚
is a simplicial finite set, and E˚ is a connective generalized homology theory on C. Suppose E˚p´q –
rΣ˚Z,´^ Es for some objects Z and E in C. Suppose the following connectivity axiom: EmpInq – 0 for all
m ă n.
Then the topological Hochschild-May spectral sequence is strongly convergent, its differential satisfies the
graded Leibniz rule, and its input and output and differential are as follows:
E1s,t – Es,tpX‚ b E
˚
0 I‚q ñ EspX‚ b I0q
dr : Ers,t Ñ E
r
s´1,t`r
Proof It is standard (see eg the section on Adams spectral sequences in [8]) that the E-homology spec-
tral sequence of a tower of cofiber sequences of the form (21) converges to E˚
`ˇˇMX‚0 pI‚qˇˇ˘ as long as“
Σ
˚Z, holimi
`
E ^
ˇˇMX‚i pI‚qˇˇ˘‰ is trivial. By Lemma 3.4.7 Em `ˇˇMX‚i pI‚qˇˇ˘ – 0 for all m ă i, so by
Lemma 3.4.3, “
Σ
nZ, holimi
`
E ^
ˇˇMX‚i pI‚qˇˇ˘‰ – 0
for all n, as desired. Hence the spectral sequence converges to E˚
`ˇˇMX‚0 pI‚qˇˇ˘ and by Theorem 3.3.10 this
is isomorphic to E˚pX‚ b I0q.
That the differential has the stated bidegree is a routine and easy computation in the spectral sequence of a
tower of cofiber sequences. The sequence
. . . //
ˇˇMX‚2 pI‚qˇˇ // ˇˇMX‚1 pI‚qˇˇ // ˇˇMX‚0 pI‚qˇˇ
is a cofibrant decreasingly filtered commutative monoid in C as observed in Remark 3.3.4 and therefore, in
particular, it produces a “pairing of towers” in the sense of [15] and therefore by Proposition 5.1 of [15] the
differentials in the spectral sequence satisfy a graded Leibniz rule.
Strong convergence is also standard: the connectivity axiom, the “connectivity of smash products” axiom
from Definition 3.4.1, and Lemma 3.4.7 together imply that our spectral sequence has a nondecreasing upper
vanishing curve already at the E1-term, so the spectral sequence converges strongly.
Remark 3.4.9 Another construction of our THH-May spectral sequence
(23) E1˚,˚ – E˚,˚pX‚ b E
˚
0 I‚q ñ E˚pX‚ b I0q
is possible using the Day convolution product. This construction is conceptually cleaner, but it does not,
to our knowledge, simplify the process of proving that the resulting spectral sequence has the correct input
term, output term and convergence properties.
Recall from Remark 3.1.5 that a cofibrant decreasingly filtered commutative monoid in C (without the
cofibrancy assumption) is the same data as an object in Comm CNop . A cofibrant object in Comm CNop with
the projective model structure is, by Lemma 4.1.9, a cofibrant decreasingly filtered commutative monoid in
C (including that cofibrancy assumption).
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Now fix a simplicial finite set X‚ and a cofibrant commutative monoid object I in CNop . Hence, we can
form the pretensor product X‚b˜I‚, which is a simplicial object in CommCNop . For example, if X‚ is the
usual minimal simplicial model for the circle S1‚, then X‚b˜I‚ is the cyclic bar construction using the Day
convolution as the tensor product:
S1‚b˜I “
˜
I // I bDay Ioo
oo //
// I bDay I bDay I
oo
oo
oo
//
//
// . . .
oo
oo
oo
oo
¸
Since I is a functor Nop Ñ C, we will write Ipnq for the evaluation of this functor at a nonnegative integer n.
(If we instead think of I as a decreasingly filtered commutative monoid, as in most of the rest of this paper,
we would write In instead of Ipnq.) We write
`
S1‚b˜I
˘
piq for the the simplicial object in C
`
S1‚b˜I
˘
piq “
˜
Ipiq // pI bDay Iqpiqoo
oo //
// pI bDay I bDay Iqpiqoo
oo
oo
//
//
// . . .
oo
oo
oo
oo
¸
Applying geometric realization to
`
S1‚b˜I
˘
piq, we get a cofibrant decreasingly filtered object in in C (assuming
Running Assumption 2.0.4)ˇˇ`
S1‚b˜I
˘
p0q
ˇˇ
Ð
ˇˇ`
S1‚b˜I
˘
p1q
ˇˇ
Ð
ˇˇ`
S1‚b˜I
˘
p2q
ˇˇ
Ð . . .
and the spectral sequence obtained by applying a generalized homology theory E˚ to this cofibrant de-
creasingly filtered object in C is precisely the spectral sequence (23), the spectral sequence constructed and
considered throughout this paper. (It is an easy exercise in unwinding definitions to check that this spectral
sequence agrees with the one constructed in Definition 3.4.2, but to verify that the resulting spectral sequence
has the expected input term, output term, and convergence properties amounts to exactly the same proofs
already found in this paper which aren’t expressed in terms of Day convolution.)
4 Decreasingly filtered commutative ring spectra.
4.1 Convenient model structures on functor categories.
For this section we will need some additional assumptions on our model category C satisfying 2.0.3. These
are not used to construct the spectral sequence, but they are used to construct a large class of examples
of decreasingly filtered commutative ring spectra in Section 4.2. Recall that the symbol ˝ was defined in
Lemma 3.3.1.
Definition 4.1.1 (Definition 3.4 of [44]) We say a model category A satisfies the strong commutative
monoid axiom if, for any cofibration h (respectively, any acyclic cofibration h) the map h˝n{Σn is a cofibration
(respectively, an acyclic cofibration) for each integer n ě 1.
Running Assumption 4.1.2 We assume that C satisfies the strong commutative monoid axiom. We also
assume that C is locally presentable as a category. Additionally, we assume C is a right proper model
category.
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For example, symmetric spectra in the positive flat stable model structure satisfy Running Assumption 4.1.2;
see section 4.2.
Remark 4.1.3 If C is a model category satisfying Running Assumption 2.0.3 and Running Assumption
2.0.4, then C is cofibrantly generated and locally presentable and therefore it is combinatorial in the sense of
Jeff Smith (see Definition 2.1 in Dugger [17]).
We will also make use of categories enriched in a model category C satisfying Running Assumption 2.0.3.
See Kelly [28], for a good treatment of enriched category theory at the level of generality needed for this
paper.
Given a category B enriched over C, we will also discuss the category of C-functors on B, written CB . It can
be shown (see Kelly [28] for example) that CB can again be equipped with a C-enriched category structure,
but we do not use that property here and we will write CB for the underlying category of enriched functors
and natural transformations.
Definition 4.1.4 Suppose C satisfies Running Assumption 2.0.3. Let N op be the C-enriched category with
objects obN op “ N and morphism objects
N oppn,mq “
"
1 if n ě m
0 if n ă m
where 1 is the unit in C and 0 is the zero object of C. We equip N op with a symmetric monoidal product
using the usual addition ` so that 0 is the unit of the symmetric monoidal structure onN op. This makesN op
a symmetric monoidal C-category.
Remark 4.1.5 In Remark 3.1.5 we discussed the theorem, due to Day in [14], that the category of lax
symmetric monoidal functors in CNop is equivalent to the category Comm CNop . In the setting of categories
enriched in T ≀√
˚
, based compactly-generated weak-Hausdorff spaces, this is proven in Proposition 22.1
of [32]. In the setting of categories enriched in a model category C satisfying Running Assumption 2.0.3
the same proof yields the desired result that the category of lax symmetric monoidal functors in CN op is
equivalent to the category of commutative monoids in CN op with the enriched Day convolution symmetric
monoidal product
The following truncated versions of the categoryN op will also be useful for constructing decreasingly filtered
commutative ring spectra.
Definition 4.1.6 We will define a category enriched in a category C satisfying Running Assumption 2.0.3
and 4.1.2 called J
op
n . The objects in Jn are the subset Jn Ă N of all natural numbers consisting of all i P N such
that i ď n. We then define J
op
n as a sub-C-category ofN op so that Jopn pi, jq “ N oppi, jq whenever i, j ď n. We
give this category the structure of a symmetric monoidal C-category pJn, 9` , 0q by letting i 9` j “ minti` j, nu.
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We now discuss the cofibrancy conditions needed on an object in Comm CNop in order to produce a cofibrant
decreasingly filtered commutative monoid in C in the sense of Definition 3.1.2. This will be used to construct
a certain class of filtered commutative ring spectra in Theorem 4.2.1. In Proposition 4.1.7, we use a definition
from [27]: an object X in a pointed monoidal model category is virtually cofibrant if p0Ñ Xq ˝´ preserves
cofibrations and preserves acyclic cofibrations.
Proposition 4.1.7 Suppose C is a model category satisfying Running Assumption 2.0.3 and Running
Assumption 2.0.4 andB is a small symmetricmonoidal category enriched inC with virtually cofibrant function
spaces [27, Definition 2.2.12]. Then there exists a model structure on the category of C-functors CB called
the projective model structure where a fibration (respectively, weak equivalence) is a natural transformation
η : F Ñ G between functors F,G P CB such that ηX : FpXq Ñ GpXq is a fibration (respectively, weak
equivalence) for each object X in B. In addition, because C satisfies Running Assumption 2.0.3, CB is a
symmetric monoidal model category under Day convolution and it satisfies the Schwede-Shipley monoid
axiom [43].
Proof Since C is assumed to be combinatorial, the projective model structure exists on CB and it is also
cofibrantly generated by Proposition 2.2.13 of [27]. Since C satisfies Running Assumption 2.0.3 and
Running Assumption 4.1.2, Proposition 2.2.15 and Proposition 2.2.16 in [27] imply the second part of the
proposition.
Remark 4.1.8 We will only apply Proposition 4.1.7 in the case where B is either the category N op of
Definition 4.1.4 or J
op
n of Definition 4.1.6. It is easy to check that the categories N op and Jopn have virtually
cofibrant function spaces because the unit object 1 is always virtually cofibrant in a symmetric monoidal
model category by the unit axiom.
Lemma 4.1.9 Let C satisfy Running Assumption 2.0.3 and Running Assumption 4.1.2 and let N op be the
category defined Definition 4.1.4. Let CN op be the category of C-functors N op Ñ C, equipped with the
projective model structure. Let P be a cofibrant object in CN op . Then, for all n P N, the object Ppnq of C is
cofibrant, and the morphism Ppn` 1q Ñ Ppnq is a cofibration in C.
Proof This is a consequence of Lemma 3.1 in [22].
The following definition is from Proposition 2.2.13 of [27], and it will be useful for describing the generating
cofibrations in the projective model structure on CN op .
Definition 4.1.10 Suppose C is a symmetric monoidal model category satisfying Running Assumption 2.0.3
and Running Assumption 4.1.2. Each integer i corepresents a functor N op Ñ C, and we writeN oppi,´q for
this functor. Given a set of morphismsM in C, we writeMbN op for the collection of morphisms in CN op
which are of the form f ^N oppi,´q for some integer i and some map f inM.
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Theorem 4.1.11 Suppose C satisfies Running Assumption 2.0.3 and Running Assumption 4.1.2 and N op
is the category defined in Definition 4.1.4. Then the projective model structure on CN op satisfies the strong
commutative monoid axiom.
Proof ByWhite [44, Lem. A.1], it suffices to check the strong commutativemonoid axiom on the generating
cofibrations. Due to Proposition 4.5 of [7], a set of generating cofibrations in the projective model structure
on CN op is the class of mapsJ bN op, where J is a set of generating cofibrations of C, and a set of generating
acyclic cofibrations in the projective model structure is the set of maps JbN op, where J is a set of generating
acyclic cofibrations of C (see Definition 4.1.10 for the definition of the notation).
Since
N oppi,´q »
"
1 if j ď i
0 ifj ą i
a set of generating cofibrations for CN op consists of the set of the natural transformations f : I Ñ J such that,
for some f¯ : AÑ B in J , fj “ f¯ ^ id1 : A^1Ñ B^1 for j ď i and fj “ f¯ ^ id0 : A^ 0Ñ B^ 0 for j ą i.
Similarly, a set of generating acyclic cofibrations consists of the natural transformations f : I Ñ J such that
there is some map f¯ : AÑ B in J and fj “ f¯ ^ id1 : A^1Ñ B^1 for j ď i and fj “ f¯ ^ id0 : A^0Ñ B^0
for j ą i.
Let h : I Ñ J be an map in J bN op (respectively, a map in J bN op) with h¯ : A Ñ B the corresponding
map in J (respectively, J). Then we need to prove that h˝n{Σn is a cofibration (respectively, an acyclic
cofibration) in CNop with the projective model structure. The case n “ 1 is vacuous and therefore we omit it.
In the case n “ 2, we need to show that the map
h˝2{Σ2 : pI bDay J
ž
IbDayI
J bDay Iq{Σ2 Ñ pJ bDay Jq{Σ2
is an (acyclic) cofibration in the projective model structure. To see this, note that I bDay I – pA ^ Aq ^
N opp2i,´q, JbDay I – pB^Aq^N opp2i,´q, IbDay J – pA^Bq^N opp2i,´q, and JbDay J – pB^Bq^
N opp2i,´q. Therefore, the map ph˝2q{Σ2 is the map ph¯˝2bN opp2i,´qq{Σ2 up to isomorphism. By definition
ofN op, this is equivalent, up to isomorphism, to pph¯˝2q{Σ2q^N opp2i,´q, that is, ph˝2q{Σ2 is a composite of
isomorphisms and themap pph¯˝2q{Σ2q^N opp2i,´q. Since C satisfies the strong commutative monoid axiom,
ph¯˝2q{Σ2 is a cofibration (respectively, acyclic cofibration). We claim that the map
`
ph¯˝2q{Σ2
˘
^N opp2i,´q
is also a cofibration (respectively, acyclic cofibration). We will give the argument that
`
ph¯˝2q{Σ2
˘
^
N opp2i,´q is a cofibration in the projective model structure when h is a cofibration; the argument that`
ph¯˝2q{Σ2
˘
^N opp2i,´q is an acyclic cofibration when h is an acyclic cofibration will be omitted because it
is essentially the same. We need to show that for any acyclic fibration X Ñ Y in CN op fitting into the diagram
W //

X

Z //
z
>>⑦
⑦
⑦
⑦
Y
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there exists a lift z : Z Ñ X, where W “ pI bDay J
š
IbDayI
J bDay Iq{Σ2 and Z “ pJ bDay Jq{Σ2. Since`
ph¯˝2q{Σ2
˘
^N opp2i,mq : Wm Ñ Zm is, up to isomorphism, the cofibration˜
A^ B
ž
B^B
B^ A
¸
{Σ2 Ñ pB^ Bq {Σ2
when m ď 2i and it is the map 0Ñ 0 when m ą 2i up to isomorphism, we can define the map z : Z Ñ X to
be the map 0Ñ Xm when m ą 2i, we can define z2i : Z2i Ñ X2i to be the lift in the diagram
W2i //

X2i

Z2i //
z2i
==③
③
③
③
Y2i,
which we know exists becauseW2i Ñ Z2i is a cofibration and Xj Ñ Yj is an acyclic fibration for all j (because
X Ñ Y is an acyclic fibration in the projective model structure). For all j ă 2i, we can then define zj as the
composite
Zj “ Z2i
z2iÝÑ X2i Ñ X2i´1 Ñ ¨ ¨ ¨ Ñ Xj.
There is no difficulty with the need for our lift maps to be compatible for various choices of j, since in the
range j ď 2i, the sequences W‚ and Z‚ are constant, and above this range, these sequences are zero! We
have therefore defined a map zm : Zm Ñ Xm for each m ě 0 and the diagrams
Zm //

Xm

Zm´1 // Xm´1
clearly commute for all m ě 0 by the definition of zm.
The same type of argument works for n ą 2 giving
ph˝nq{Σn – pph¯
˝nq{Σnq ^N oppni,´q
which is a cofibration by a proof essentially the same as the one above. Here the isomorphism is in
the arrow category, but this is the same as saying ph˝nq{Σn is a composite of isomorphisms and the map
pph¯˝nq{Σnq ^N oppni,´q, which is a cofibration and therefore ph˝nq{Σn is also a cofibration.
Lemma 4.1.12 Let C be a model category satisfying Running Assumption 2.0.3 and Running Assumption
4.1.2 and let J
op
n be the category defined in 4.1.6. Then the projective model structure on CJ
op
n satisfies the
strong commutative monoid axiom. The cofibrant objects in the projective model structure are exactly the
objects P P CJopn such that Ppiq is cofibrant in C for all 0 ď i ď n and Ppiq Ñ Ppi´ 1q is a cofibration in C.
Proof The proof that CJopn satisfies the strong commutative monoid axiom is the same as the proof of
Theorem 4.1.11 and therefore we omit it. The second part of the lemma is again a consequence of Lemma
3.1 in [22], as the authors remark just after the lemma.
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Remark 4.1.13 There are four different model structures that we use here, which are all commonly referred
to as the projective model structure. The model category structure on SpN
op
discussed in Proposition 4.1.7,
the model structure created by the forgetful functor U : CommSpN
op
Ñ SpN
op
, the model structure on
algebras over a commutative monoid I in CommSpN
op
created by the forgetful functor to CommSpN
op
,
and the model structure on modules over a commutative monoid I in CommSpN
op
created by the forgetful
functor from I-modules (or equivalently symmetric I-bimodules) to SpN
op
. Each of these will be referred to
as the projective model structure, and it should be clear from the context which of the four is meant. Each
of these model structures also make sense when N op is replaced by Jopn . Since the model structure on Sp
is cofibrantly generated, each these projective model structures is cofibrantly generated by Theorem 4.1.7,
[44, Theorem 3.2], and [43, Theorem 4.1]. Consequently, as remarked in Hovey [24] we have functorial
factorization in each of these model categories.
4.2 Whitehead towers.
For this section, we will abbreviate and write Sp for the category of symmetric spectra of pointed simplicial
sets with the positive flat stable model structure. This category satisfies Running Assumptions 2.0.3 and
2.0.4, as discussed in Section 2. This model category also satisfies Running Assumption 4.1.2: since it is
combinatorial by Hovey-Shipley-Smith [26], it satisfies the strong commutative monoid axiom by Theorem
5.7 in [44], and it is also right proper by Theorem 5.4.2 in [26]. The goal of this section is to produce a
cofibrant decreasingly filtered commutativemonoid in Sp as a specificmultiplicativemodel for theWhitehead
tower of a connective commutative monoid in Sp.
As a consequence of Lemma 4.1.9, a cofibrant object in the category CommSpN
op
equipped with the
projective model structure is, in particular, a cofibrant decreasingly filtered commutative monoid in Sp (also
see Remark 3.1.5).
Theorem 4.2.1 Let R be a cofibrant connective commutative monoid in Sp. Then there exists a cofibrant
decreasingly filtered commutative monoid in Sp
. . . // τě2R // τě1R // τě0R
with structure maps
ρi,j : τěiR^ τějR ÝÑ τěi`jR
such that R » τě0R and the maps τěnRÑ τě0R induce an isomorphism on πk for k ě n and πkpτěnRq – 0
for k ă n. This cofibrant decreasingly filtered commutative monoid in Sp is denoted τě‚R.
Proof Wewill prove the theorem by induction. First, wewill consider R as a cofibrant object CommSpJ
op
0 “
CommSp and we will produce a cofibrant object in CommSpJ
op
1 in projective model structure. To construct
τ˜ě1R, we consider the map of commutative R-algebras R Ñ Hπ0R, constructed as in [6, Thm. 8.1]. This
map is not usually a fibration (in fact it is a cofibration as discussed in Remark 4.2.2), so we factor it as
a composite R Ñ τ˜ě0R Ñ Hπ0R of an acyclic cofibration and a fibration in the category of commutative
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R-algebras in Sp. The resulting object τ˜ě0R is a cofibrant commutative monoid in Sp equipped with a
fibration τ˜ě0RÑ Hπ0R, which is a map of τ˜ě0R-algebras.
We then define τ˜ě1R to be the fiber of the map τ˜ě0RÑ Hπ0R in the category of τ˜ě0R-modules (equivalently
symmetric τ˜ě0R-bimodules). The symmetric τ˜ě0R-bimodule structure produces an object f1 : τ˜ě1RÑ τ˜ě0R
in CommSpJ
op
1 with action maps ρi,j for i, j P ob J
op
1 defined as follows: the map ρ0,0 : τ˜ě0R^ τ˜ě0RÑ τ˜ě0R
is the multiplication map, the maps ρ1,0 and ρ0,1 are the right and left τ˜ě0R-module structure maps, and the
map ρ1,1 is the composite
ρ1,1 : τ˜ě1R^ τ˜ě1R
idτ˜ě1R ^f1 // τ˜ě1R^ τ˜ě0R
ρ1,0 // τ˜ě1R
or equivalently, because τ˜ě1R is a symmetric τ˜ě0R-bimodule,
ρ1,1 : τ˜ě1R^ τ˜ě1R
f1^idτ˜ě1R // τ˜ě0R^ τ˜ě1R
ρ0,1 // τ˜ě1R.
These maps are easily seen to satisfy the necessary associativity, commutativity, and compatibility axioms.
We then cofibrantly replace τ˜ě1R Ñ τ˜ě0R in the projective model structure on CommSp
J
op
1 to produce an
object τď1ě‚R with the property that R » τ
ď1
ě0R and the map τ
ď1
ě1RÑ τ
ď1
ě0R induces an isomorphism on πk for
k ě 1 and πkpτ
ď1
ě1Rq – 0 for k ă 1. Recall that the effect of cofibrantly replacing in this model structure is
that the map is replaced by a cofibration and the objects are replaced by cofibrant objects without changing
their homotopy type. This completes the base step in the induction. Note that since we have functorial
factorization in Sp and CommSpJ
op
1 , this construction is entirely functorial.
Now, for the inductive step: supposewe can functorially construct a cofibrant object τďn´1ě‚ pRq P obCommSp
J
op
n´1
for an arbitrary n ě 1 with the property that R » τďn´1ě0 R and the map τ
ďn´1
ěj R Ñ τ
ďn´1
ě0 R induces an iso-
morphism on πk for n ´ 1 ě k ě j and πkpτ
ďn´1
ěj Rq – 0 for k ă j, and there is an acyclic cofibration
R Ñ τďn´1ě0 R. First, note that, due to Basterra [6, Thm. 8.1], we can construct a map of commutative R-
algebras RÑ γďn´1Rwhere γďn´1R is a commutative R-algebra with the property that the mapRÑ γďn´1R
induces an isomorphism on πk for k ď n ´ 1 and πkpγďn´1Rq – 0 for k ě n. By the assumed functoriality
of the construction of τďn´1ě‚ pRq, we get a map τ
ďn´1
ě‚ pRq Ñ τ
ďn´1
ě‚ pγďn´1Rq of commutative τ
ďn´1
ě‚ pRq-
algebras in CommSpJn´1
op
. We first fibrantly replace τďn´1ě‚ pγďn´1Rq in the category of commutative
τďn´1ě‚ pRq-algebras, to produce a fibrant object τ¯
ďn´1
ě‚ pγďn´1Rq, which still receives a map from τ
ďn´1
ě‚ pRq.
We then functorially factor the map τďn´1ě‚ pRq Ñ τ¯
ďn´1
ě‚ pγďn´1Rq as an acyclic cofibration followed by a
fibration τďn´1ě‚ pRq Ñ τ˜
ďn´1
ě‚ pRq Ñ τ¯
ďn´1
ě‚ pγďn´1Rq in the category of commutative τ
ďn´1
ě‚ pRq-algebras.
The following argument combines two ideas. As in the base step, we work in the category of symmetric
τ˜ďn´1ě‚ pRq bimodules throughout. This builds in the commutativity, associativity, unitality and compatibility
of most of the structure maps ρi,j : τ˜
ďn
ěi pRq ^ τ˜
ďn
ěj pRq Ñ τ˜
ďn
ěi 9` j
pRq, where τ˜ďněi pRq :“ τ˜
ďn´1
ěi pRq for
i ă n, as we discuss below. Unfortunately, this alone does not build in the associativity of the maps
ρi,j : τ˜
ďn
ěi pRq ^ τ˜
ďn
ěj pRq Ñ τ˜
ďn
ěn pRq when i, j ă n and i ` j ě n. We therefore build this into our definition
of τ˜ďněnR as well. To combine these two ideas we must describe how to construct the associativity diagrams
that we use in the category of τ˜ďn´1ě‚ pRq bimodules.
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Recall that a symmetric τ˜ďn´1ě‚ R-bimodule is a functor X : J
op
n´1 Ñ Sp along with natural transformations
X bDay τ˜
ďn´1
ě‚ RÑ τ˜
ďn´1
ě‚ R,
τ˜ďn´1ě‚ RbDay X Ñ τ˜
ďn´1
ě‚ R
satisfying the usual associativity and commutativity axioms. Let F and G be constant symmetric τ˜ďn´1ě‚ R-
bimodules such that Fpℓq is
colimi 9` jěn τ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj R
for each 0 ď ℓ ď n´ 1 and Gpℓq is
colimi 9` j 9` kěn τ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj R^ τ˜
ďn´1
ěk R
for each 0 ď ℓ ď n ´ 1. To make this precise we need to define the action maps, which are natural
transformations
F bDay τ˜
ďn´1
ě‚ RÑ F, τ˜
ďn´1
ě‚ RbDay F Ñ F,
τ˜ďn´1ě‚ RbDay GÑ G, GbDay τ˜
ďn´1
ě‚ RÑ G.
By the definition of Day convolution
pF bDay τ˜
ďn´1
ě‚ Rqpℓq “ colima 9` běℓ
`
Fpaq ^ τ˜ďn´1ěb R
˘
and since F is constant,
colima 9` běℓ
`
Fpaq ^ τ˜ďn´1ěb R
˘
–
colimi 9` jěnpτ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj Rq ^ τ˜
ďn´1
ě0 R.
Since smashing with a cofibrant object commutes with colimits, there is a weak equivalence
colimi 9` jěnpτ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj Rq ^ τ˜
ďn´1
ě0 R »
colimi 9` jěnpτ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj R^ τ˜
ďn´1
ě0 Rq
and we can use the maps ρj,0 : τ˜
ďn´1
ěj R^ τ˜
ďn´1
ě0 RÑ τ˜
ďn´1
ěj R to define a map
colimi 9` jěnpτ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj R^ τ˜
ďn´1
ě0 Rq Ñ colimi 9` jěnpτ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj Rq
which provides a natural transformation F bDay τ˜
ďn´1
ě‚ R Ñ F in the evident way. The remaining action
natural transformation for F is defined in an analogous way and the these two maps satisfy the commutativity
and associativity axioms by the inductive hypothesis. We then define the two action natural transformations
of G in the same way and they also satisfy the commutativity and associativity axioms by the inductive
hypothesis.
Here is a sketch of our next steps in this proof: we will now define τ˜ďněnR in such a way that it is automatically
equipped with associative, commutative, and compatible maps
ρi,j : τ˜
ďn
ěi R^ τ˜
ďn
ěj RÑ τ˜
ďn
ěnR
for i ` j ě n, where τ˜ďněj R is defined to be τ˜
ďn´1
ěj R for 0 ď j ď n ´ 1. To build in the associativity of
the structure maps ρi,j : τ˜
ďn
ěi R ^ τ˜
ďn
ěj R Ñ τ˜
ďn
ěnR for 0 ă i, j ă n and i ` j ě n, we will encode all of
the necessary associativity diagrams into one pushout, where each object in the pushout is a colimit of a
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truncated directed cube diagram. We will then show that the map from this pushout to a certain given object
is nulhomotopic and therefore factors through a single contractible object. We then define τ˜ďněnR as the
pullback of a diagram involving this contractible object. This is arranged so that we only need to make one
choice of contractible object at each stage of the induction. We also work in the category of symmetric
τ˜ďn´1ě‚ R-bimodules throughout this process in order to encode the remaining associativity, commutativity,
compatibility, and unitality diagrams.
Note that each map
τ˜ďn´1ěi R^ τ˜
ďn´1
ěj RÑ τ
ďn´1
ěm RÑ τ
ďn´1
ěn´1 pγďn´1Rq
is nulhomotopic for i` j ě n because πℓpτ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj Rq – 0 for ℓ ă n and πℓpτěmpγďn´1Rqq – 0 for
ℓ ą n´ 1. We claim that the composite map from the Bousfield-Kan homotopy colimit (in the sense of our
Appendix B) of the diagram
(24) colimi 9` j 9` kěn τ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj R^ τ˜
ďn´1
ěk R
//

colimi 9` j 9` kěn τ˜
ďn´1
ěi 9` j
R^ τ˜ďn´1ěk R
colimi 9` j 9` kěn τ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj 9` k
R
to τ˜ďn´1ěm R, followed by the map τ˜
ďn´1
ěm R Ñ τ˜
ďn´1
ěm pγďn´1Rq, is nulhomotopic as well. (Note that this will
follow if the map from the diagram (24) to τ˜ďn´1ěn´1R followed by the map τ˜
ďn´1
ěn´1R Ñ τ˜
ďn´1
ěn´1 pγďn´1Rq is
nulhomotopic since the composite of a nulhomotopic map with any other map is always nulhomotopic.)
To prove the claim above, we use the Bousfield-Kan spectral sequence of Theorem B.1.4, which is discussed
further in our self-contained Appendix B:
pRsE lim
dPD
q
`
ZtApdq
˘
ñ Zs`t hocolim A.
We will apply this spectral sequence when D is one of the small categories
P3n “ tpi, j, kq P N3 : i 9` j 9` k ě n and 0 ă i, j, k ă nuop Ď pN3qop,
P2n “ tpℓ,mq P N2 : ℓ 9` m ě n and 0 ă ℓ,m ă nuop Ď pN2qop,
or the pushout category PO, defined in (15). We will take Z to be τěn´1pγďn´1Rq.
Let H : P2n Ñ C be the functor given by Hpi, jq “ τ˜ďn´1ěi R ^ τ˜ďn´1ěj R. A colimit of a functor on P2n
can be written as an iterated pushout, so we can prove a vanishing result for rRsE limdPpP2n qopspZ
tHpdqq
for s ´ t “ 0 by proving an appropriate vanishing result for RsE limdPPOoppZ
tpι˚Hqpdqq, where PO is
the category indexing pushouts, as in (15), and ι˚H is the restriction of H along one of the inclusions
ι : PO ãÑ P2n . By Example 17.10 of [16] and our Theorem B.1.7, given a functor F : PO Ñ C and
an object Y of C, the map rhocolimF ,Ys Ñ limrF ,Ys is an isomorphism if R1E limdPPOoprΣFpdq,Ys –
rΣFp11q,Ys{ prΣFp0q,Ys ` rΣFp11q,Ysq vanishes.
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So we carry out an induction: let I0 : PO Ñ C be the functor given by
I0p11q “ τ˜ďn´1ě2 R^ τ˜ďn´1ěn´1R,
I0p0q “ τ˜ďn´1ě1 R^ τ˜ďn´1ěn´1R,
I0p1q “ τ˜ďn´1ě2 R^ τ˜ďn´1ěn´2R.
Vanishing of rΣI0p11q, τ˜ěn´1pγďn´1Rqs and of rI0pdq, τ˜ěn´1pγďn´1Rqs for d “ 0, 1 is standard (by prop-
erties of maps from sufficiently connective spectra to sufficiently coconnective spectra), so rhocolim I0,Zs
vanishes.
That was the initial step. For the inductive step, let Ij : PO Ñ C be the functor given by
Ijp11q “ τ˜ďn´1ěj`2 R^ τ˜ďn´1ěn´j´1R,
Ijp0q “ hocolim Ij´1,
Ijp1q “ τ˜ďn´1ěj`2 R^ τ˜ďn´1ěn´j´2R.
and suppose we have already shown that rhocolim Ij´1,Zs vanishes. Again,
rΣIjp11q, τ˜ěn´1pγďn´1Rqs – rIjp1q, τ˜ěn´1pγďn´1Rqs – 0
due to standard properties of maps from sufficiently connective spectra to sufficiently coconnective spectra,
so rhocolim Ij,Zs vanishes. The case j “ n´ 2 completes the induction, since the natural map
hocolim In´2 Ñ hocolimH
is an equivalence.
Therefore, hocolimH Ñ τ˜ďn´1ěn´1 pγďn´1Rq is nulhomotopic, and hence the composite
hocolimH Ñ τ˜ďn´1ěn´1 pγďn´1Rq Ñ τ˜
ďn´1
ěn´1 pγďn´1Rq
is nulhomotopic.
Now we claim that the diagram A : P3n Ñ Sp given by
pi, j, kq ÞÑ τ˜ďn´1ěi R^ τ˜
ďn´1
ěj R^ τ˜
ďn´1
ěk R
is actually Reedy cofibrant and hence, since P3n is a direct category (as in Remark 3.4.5), it is projectively
cofibrant. To see this, it is sufficient to check that each object in the diagram is cofibrant, each map is a
cofibration, and for each inclusion of a square-shaped diagram the map from the pushout of the upper left
horn to the terminal vertex is cofibration by an elementary check of Reedy’s conditions [39]. Each object
in the diagram is cofibrant and each map in the diagram is a cofibration by definition. Also, one can easily
check that for each inclusion of a square-shaped diagram the map from the pushout of the upper left horn
to the terminal vertex is a cofibration by iterated use of the pushout product axiom (cf Lemma 3.4.6 where
essentially the same result is proven in more detail). The fact that the canonical map from |srpFq| Ñ colimF
is a weak equivalence for projectively cofibrant A is Theorem B.1.2, which is a consequence of Theorems
3.2 and 3.3 in [21].
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The colimit of the diagram A : P3n Ñ Sp described above can be written as an iterated colimit over directed
cubes with terminal vertex removed. So, by an induction totally analogous to the induction we just carried
out using I0,I1, . . . , the question of whether the map |srpAq| Ñ τ˜ěmpγďn´1Rq is nulhomotopic, as in
Question B.1.6, reduces to the case of Question B.1.6 for diagrams indexed by directed cubes with terminal
vertex removed, which we handle in Lemma B.2.3. Let D be a subcategory of P3n isomorphic to a directed
cube with terminal vertex removed. By Lemma B.2.3, it suffices to show that rRsE limdPDspZ
´tApdq vanishes
for s´ t “ 0 and s “ 0, 1, 2 because pRsE limdPDq pZ
´tApdqq – 0 for s ą 2. The condition
(25) rΣtτ˜ďn´1ěi R^ τ˜
ďn´1
ěj R^ τ˜
ďn´1
ěk R, τ˜
ďn´1
ěm pγďn´1Rqs – 0
for t ą ´i ´ j ´ k ` n ´ 1 is sufficient to show that pRsE limdPDq pZ
´tApdqq vanishes for s ´ t “ 0, 1 and
s “ 0, 1, 2 when A is any of the truncated cubes in the iterative process and hence the maps
colimi 9` j 9` kěn´1 τ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj R^ τ˜
ďn´1
ěk RÑ τ˜
ďn´1
ěm RÑ τ˜
ďn´1
ěm pγďn´1Rq
are nulhomotopic for 0 ď m ď n´ 1. Condition 25 is indeed satisfied, by standard properties of maps from
sufficiently connected spectra to sufficiently co-connected spectra.
Finally, we conclude that the map from the diagram (24) to τ˜ďn´1ěm R followed by the map τ˜
ďn´1
ěm R Ñ
τ˜ďn´1ěm pγďn´1Rq is nulhomotopic, again using Example 17.10 in Dugger [16], along with the vanishing of
Z1phocolimi 9` j 9` kěm`1 τ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj R^ τ˜
ďn´1
ěk Rq,
Z0phocolimi 9` j 9` kěm`1 τ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj 9` k
q, and
Z0phocolimi 9` j 9` kěm`1 τ˜
ďn´1
ěi 9` j
R^ τ˜ďn´1ěk Rq.
Wemay also consider diagram (24) as a diagram in symmetric τ˜ďn´1ě‚ R-bimodules, and what we have shown
is that the map of symmetric τ˜ďn´1ě‚ R-bimodules from the homotopy colimit of (24) to τ˜
ďn´1
ě‚ R followed by
the map τ˜ďn´1ě‚ RÑ τ˜
ďn´1
ě‚ pγďn´1Rq is nulhomotopic in the category of τ˜
ďn´1
ě‚ R-modules. The point is that
we can therefore factor this map through a contractible τ˜ďn´1ě‚ R-module, which we denote Cpnq‚.
The pullback of the diagram
(26) Cpnq‚

τ˜ďn´1ě‚ pRq
// τ˜ďn´1ě‚ pγďn´1Rq
in the category of symmetric τ˜ďn´1ě‚ pRq-bimodules is a functor B‚ : J
op
n´1 Ñ Sp along with structure maps
B‚ bDay τ˜
ďn´1
ě‚ pRq Ñ B‚ and
τ˜ďn´1ě‚ pRq bDay B‚ Ñ B‚.
(For the sake of consistency with our notation τ˜ďn´1ě‚ pRq, the subscripted bullet in B‚ indicates that B‚ is a
finite sequence Bn´1 Ñ Bn´2 Ñ ¨ ¨ ¨ Ñ B0.) We observe that Bn´1 » Bi for all 0 ď i ď n´ 1, and there is a
map Bn´1 Ñ τ˜
ďn´1
ě0 R inducing an isomorphism on πk for k ě n and πkpBn´1q – 0 for k ă n. We therefore
define τ˜ďněnR to be Bn´1.
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Next we need to check that the structure maps ρi,j : τ˜
ďn
ěi R^ τ˜
ďn
ěj RÑ τ˜
ďn
ěnR for i`j ě nwhere τ˜
ďn
ěi R is defined
to be τ˜ďn´1ěi R when 0 ď i ă n, are unital, associative, and commutative. We use the symmetric τ˜
ďn´1
ě‚ R
bimodule structure to produce associative and commutative structure maps ρi,n : τ˜
ďn´1
ěi R^ τ˜
ďn
ěnR Ñ τ˜
ďn
ěnR
and ρn,i : τ˜
ďn´1
ěn R^ τ˜
ďn
ěi RÑ τ˜
ďn
ěnR for 0 ď i ă n as follows: We have the commutative diagram of natural
transformations
τ˜ďn´1ě‚ RbDay B //

B
BbDay τ˜
ďn´1
ě‚ R
99ttttttttttt
so by definition of Day convolution, there is, by evaluating at n´ 1, a commutative diagram
colimi 9` jěn´1 τ˜
ďn´1
ěi R^ Bj
//

Bn´1
colimℓ 9` měn´1 Bℓ ^ τ˜
ďn´1
ěm R
66♠♠♠♠♠♠♠♠♠♠♠♠♠♠♠
in Sp. Since the map of colimits can equivalently be defined as the colimit of factor swap maps χ : τ˜ďn´1ěi R^
Bj Ñ Bj ^ τ˜
ďn´1
ěi R, the commutativity of the diagram above implies the diagram
τ˜ďn´1ěi R^ Bn´1
//

Bn´1
Bn´1 ^ τ˜
ďn´1
ěi R
88qqqqqqqqqqq
commutes for all i such that 0 ď i ă n.
We prove that ρn,i and ρi,n satisfy associativity with respect to the maps ρi,j for i, j ă n by the same method.
We will just describe one example of this, since the remaining examples are proven in the same way. By
definition of B, there is commutative diagram of natural transformations
τ˜ďn´1ě‚ RbDay τ˜
ďn´1
ě‚ RbDay B
//

τ˜ďn´1ě‚ RbDay B

τ˜ďn´1ě‚ RbDay B
// B
so by definition of Day convolution, there is, by evaluating at n´ 1, a commutative diagram
colimi 9` j 9` kěn´1 τ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj R^ Bk
//

colimi 9` j 9` kěn τ˜
ďn´1
ěi 9` j
R^ Bk

colimi 9` j 9` kěn´1 τ˜
ďn´1
ěi R^ Bj 9` k
// Bn´1.
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Therefore, in particular, there is a commutative diagram
τ˜ďn´1ěi R^ τ˜
ďn´1
ěj R^ Bn´1
//

τ˜ďn´1
ěi 9` j
R^ Bn´1

τ˜ďn´1ěi R^ Bn´1
// Bn´1.
which proves the desired associativity diagram for Bn´1.
To define ρn,n : τ˜
ďn
ěnR^ τ˜
ďn
ěnRÑ τ˜
ďn
ěnR, we use the commutative diagram of symmetric τ˜
ďn´1
ě‚ R-bimodules
(27) BbDay B //

Bb τ˜ďn´1ě‚ R

τ˜ďn´1ě‚ RbDay B
// B
which implies that there is a map
colimi 9` jěn´1 Bi ^ Bj Ñ Bn´1
by evaluating at n´ 1 and therefore there is a map
Bn´1 ^ Bn´1 Ñ Bn´1
which we then define to be ρn,n. This map is commutative by definition and it is associative with respect to
all the other maps ρi,j by the same argument used for associativity above because the diagram 27 is a diagram
of symmetric τ˜ďn´1ě‚ R-bimodules.
The maps ρi,j : τ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj RÑ τ˜
ďn
ěnR for i` j ě n are compatible with all the maps ρi,j for i` j ă n
by definition of τ˜ďněnR as the pullback in diagram (26). (Note that the forgetful functor from symmetric
τ˜ďn´1ě‚ R-modules to Sp
J
op
n´1 composed with the n-th evaluation functor to Sp is a right adjoint and therefore
it preserves limits.)
The maps ρi,n : τ˜
ďn´1
ěi R ^ τ˜
ďn´1
ěn R Ñ τ˜
ďn
ěnR and ρn,i : τ˜
ďn´1
ěn R ^ τ˜
ďn´1
ěi R Ñ τ˜
ďn
ěnR are unital by definition
of B as a symmetric τ˜ďn´1ě‚ R bimodule by the same kind of argument as given above for commutativity and
associativity. We will say why the remaining maps ρi,j : τ˜
ďn´1
ěi R ^ τ˜
ďn´1
ěj R Ñ τ˜
ďn
ěnR for i ` j ě n and
i, j ă n are unital later.
We now prove associativity of the maps ρi,j : τ˜
ďn´1
ěi R^ τ˜
ďn´1
ěj RÑ τ˜
ďn´1
n R where 0 ă i, j ă n and i` j ě n.
The diagrams
τ˜ďněi R^ τ˜
ďn
ěj R^ τ˜
ďn
ěk R
//

τ˜ďn
ěi 9` j
R^ τ˜ďněk R

τ˜ďněi R^ τ˜
ďn
ěj 9` k
R // τ˜ďněnR
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commute for i, j, k ă n and i ` j ` k ě n by the definition of τ˜ďněnR as the pullback (26). The maps
ρi,j : τ˜
ďn
ěi R^ τ˜
ďn
ěj RÑ τ˜
ďn
ěnR are also commutative because the diagrams
τ˜ďn´1ěi R^ τ˜
ďn´1
ěj R
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘
// τ˜ďn´1ěj R^ τ˜
ďn´1
ěi R

τ˜ďn´1ěn´1R
// τ˜ďn´1ěn´1 pγďn´1Rq
commute for all i, j, and the diagrams
τ˜ďn´1ěi R^ τ˜
ďn´1
ěj R
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
// τ˜ďn´1ěj R^ τ˜
ďn´1
ěi R

Cpnqn // τ˜
ďn´1
ěn´1γďn´1R
commute for all i, j, so by the definition of B as the pullback of the diagram (26), the diagram
τ˜ďn´1ěi R^ τ˜
ďn´1
ěj R
))❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙
// τ˜ďn´1ěj R^ τ˜
ďn´1
ěi R

τ˜ďněnR
commutes for i, j ă n and i` j ě n.
The unitality of the maps ρi,j for i, j ă n and i ` j ě n follows by the induction hypothesis and a similar
argument to the one above.
We have therefore produced an object in CommSpJ
op
n . We then cofibrantly replace this object in CommSpJ
op
n
to produce an object τďně‚R. By induction, we can therefore produce an object in CommSp
N op and then
cofibrantly replace it to produce (by Remark 3.4.9) a cofibrant decreasingly filtered commutative monoid in
Sp, denoted τě‚R, as desired.
Remark 4.2.2 Note that what we really produce in the proof above is a cofibrant commutative monoid in
the category of functors CommSpN
op
, or by the equivalence of categories discussed in Remark 4.1.5, a lax
symmetric monoidal functor in SpN
op
. Due to the triviality of our Sp-enrichment onN , this is the same data
as a lax symmetric monoidal functor in SpN
op
, and the cofibrancy condition produces a cofibrant decreasingly
filtered commutative monoid in Sp as discussed in Definition 3.1.2.
We need to check that τě‚R satisfies the “Cofibrancy of degree 0 quotient” condition from Definition
3.1.2. In order to see that the map S Ñ τě0R{τě1R is a level-wise cofibration we observe, first of
all, that the construction of the map R Ñ Hπ0R is a cofibration because it is formed by attaching E8-
cells to kill higher homotopy. This is proven in [20, IV.3.1] in the associative setting, but the same
proof works in the commutative setting. We then observe that τě0R is constructed so that the composite
SÑ τě0RÑ RÑ Hπ0R is a cofibration of commutative monoids in Sp, hence also a level-wise cofibration
in Sp. The map τě0R Ñ Hπ0R factors through the projection τě0R Ñ τě0R{τě1R, so since level-wise
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cofibrations are retractile, the map S Ñ τě0R{τě1R is also a level-wise cofibration. This proves the
“Cofibrancy of degree 0 quotient” condition, so τě‚R is a decreasingly filtered commutative monoid in
symmetric spectra.
Example 4.2.3 Assume a prime p ą 2 is fixed. Let j be a cofibrant replacement in CommSp, for the
commutative ring spectrum KˆpFqqp, where q is a topological generator of Z
ˆ
p . Then by Theorem 4.2.1, we
produce a cofibrant decreasingly filtered commutative monoid in Sp, denoted jě‚. The associated graded
commutative monoid E˚0 jě‚ is
Hπ0j_ Σ
2p´3Hπ2p´3j_ Σ
4p´5Hπ4p´5j_ ...
after forgetting the commutative monoid structure. We therefore denote the associated graded commutative
monoid object Hπ˚j. There is an isomorphism of graded rings π˚pHπ˚jq – π˚pjq, but as we have seen Hπ˚j
is a generalized Eilenberg-Mac Lane spectrum so by taking the associated graded of this filtration of j we
have effectively killed off all the k-invariants of j. Note that by Hπnj we mean an explicit model for the
Eilenberg-Mac Lane spectrum constructed as the cofiber of a cofibration jěn`1 Ñ jěn. This example is used
to compute Vp1q˚THHpjq in a paper by the first author [1].
Example 4.2.4 Let R be a commutative ring spectrum with homotopy groups πkpRq – Zˆp for k “ 0, n and
πkpRq – 0 otherwise. Then one can build
0 ÝÑ ΣnHZˆp ÝÑ R
as a cofibrant decreasingly filtered commutative ring spectrum using Theorem 4.2.1, wereΣnHZˆp is again an
explicit model for the Eilenberg-Mac Lane spectrum constructed in Theorem 4.2.1. Since one can construct a
Postnikov truncation of a commutative ring spectrum as a commutative ring spectrum [6], we can produce an
example of this type by considering the truncation of the connective p-complete complex K-theory spectrum
Σ
2Hπ2kup ÝÑ ku
ď2
p ÝÑ Hπ0kup
where the map kuď2p ÝÑ Hπ0kup is constructed as in [6, Thm. 8.1].
5 Applications.
Let S{p be the mod pMoore spectrum and let R be a connective commutative ring spectrum. We now present
two calculations: first, we calculate pS{pq˚THHpRq when R has the property that π˚pRq – Zˆprxs{x
2 where
|x| ą 0; second, we provide a bound on topological Hochschild homology of R in terms of THHpHπ˚pRqq
and we give an explicit bound in the case π˚pRq – Zppqrxs where |x| “ 2n for n ą 0.
5.1 Topological Hochschild homology of Postnikov truncations.
Let R be a commutative ring spectrum with the property that π˚pRq – Zˆprxs{x
2 with |x| ą 0. We will
consider the THH-May spectral sequence
pS{pq˚pTHHpHZˆp ˙ Σ
nHZˆpqq ñ pS{pq˚pTHHpRqq
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produced using the short filtration of a commutative ring spectrum R given in Example 4.2.4. First, we
compute the input of the S{p-THH-May spectral sequence for this example.
Proposition 5.1.1 Let p be an odd prime, then
pS{pq˚pTHHpHZˆp ˙ Σ
nHZˆpqq – Epλ1q bFp Ppµ1q bFp HH˚pEpxqq
where |x| “ n. The grading of HH˚pEpxqq is given by the sum of the internal and homological gradings.
Proof Due to Bo¨kstedt [9], there is an isomorphism
π˚pS{p^ THHpHZˆpqq – Epλ1q bFp Ppµ1q.
Let S ˙ ΣnS be the trivial split square-zero extension of S by ΣnS. Then HZ and S˙ ΣnS are commutative
S-algebras and there is an equivalence of commutative S-algebras HZˆp˙Σ
nHZˆp » HZˆp^pS˙ Σ
nSq. Since
the functor S1‚ b p´q commutes with coproducts in CommSp by [35], there are equivalences
THHpHZˆp ˙ Σ
nHZˆpqq » THHpHZˆp ^ pS˙ Σ
nSqq
» THHpHZˆpq ^ THHpS˙ Σ
nSq
of commutative ring spectra. Since S{p ^ HZˆp » HFp and the spectrum THHpHZˆpq is a HZˆp-algebra, the
spectrum S{p^ THHpHZˆpq naturally has the structure of a HFp-module. Hence, there are isomorphisms
π˚pS{p^ THHpHZˆpq ^ THHpS˙ Σ
nSqq –
π˚
``
S{p^ THHpHZˆpq
˘
^HFp pHFp ^ THHpS˙ Σ
nSqq
˘
–
π˚pS{p^ THHpHZˆpqq bFp HFp˚pTHHpS˙ Σ
nSqq.
Now, we apply the Bo¨kstedt spectral sequence
HH˚pHFp˚pS ˙ Σ
nSqq ñ H˚pTHHpS˙ Σ
nSq;Fpq
whose input is isomorphic to HH˚pEpxqq. If |x| is odd, then HH˚pEpxqq – Epxq bFp Γpσxq, which follows
from Theorem 6.1 in Chapter 10 of [13] and the standard fact that Tor
Epxq
˚ pFp,Fpq – Γpσxq (see [36] for
details). If |x| is even, then one easily computes
HHnpEpxqq –
$&
%
Epxq ˚ “ 0
Σ
|x|p2i´1qFpt1u n “ 2i´ 1
Σ
|x|p2i`1qFptxu n “ 2i
for i ě 1. There is an isomorphism of bigraded rings
HH˚,˚pEpxqq – Epxqrxi, yj : i ě 1, j ě 0s{ „
where the degrees are given by |xi| “ p2i, 2|x|i ` |x|q and |yj| “ p2j ` 1, 2j|x| ` |x|q, and the equivalence
relation is the one that makes all products zero. (See [5, Prop. 3.3] for the more general calculation of
HH˚pFprxs{x
hq when |x| “ 2n, n ą 0 and pp, hq “ 1.) The representatives in the cyclic bar complex for xi
and yj are x
b2i`1 and 1 b xb2j`1 respectively. Whether |x| is even or odd, the Bo¨kstedt spectral sequence
collapses, with no hidden multiplicative extensions, for bidegree reasons.
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Corollary 5.1.2 (Rigidity of THHmod p for Postnikov truncations ) LetR be a connective E8-ring spectrum
with π˚pRq – Zˆprxs{x
2, πipRq – 0 for i ‰ 0, k. Suppose that
p ı k ` 1 mod 2k ` 1.
Then the graded abelian group π˚pS{p^ THHpRqq depends only on π˚pR
ď2kq; i.e only on p and k.
Proof The THH-May spectral sequence
pS{pq˚,˚pTHHpHZˆp ˙ Σ
2kHZˆpqq ñ pS{pq˚pTHHpRqq
collapses since there are no possible differentials for bidegree reasons under the assumptions on k with
respect to p.
Remark 5.1.3 Corollary 5.1.2 can be considered a rigidity theorem in the sense that S{p^ THH does not
see the first Postnikov k-invariant in the cases given by the congruences above.
Corollary 5.1.4 Let p be a prime such that p ı 2 mod 3, then
(28) π˚pS{p^ THHpku
ď2
p qq – Epλ1q bFp Ppµ1q bFp HH˚pEpxqq
up to multiplicative extensions in the THH-May E8-term (so, in particular, (28) is an isomorphism of graded
abelian groups), where |x| “ 2 and the degree of HH˚pEpxqq in π˚ is given by the sum of the internal and
homological degree.
5.2 Upper bounds on the size of THH.
Many explicit computations are possible using the THH-May spectral sequence; for example, the first
author’s computations of topological Hochschild homology of the algebraic K-theory of finite fields, in [1].
These computations are sufficiently lengthy that they merit their own separate paper.
In the present paper, in lieu of explicit computations using the THH-May spectral sequence, we point out that
the mere existence of the THH-May spectral sequence implies an upper bound on the size of the topological
Hochschild homology groups of a ring spectrum: namely, if R is a graded-commutative ring and X‚ is a
simplicial finite set and E˚ is a generalized homology theory, then for any E8-ring spectrum A such that
π˚pAq – R, E˚pX‚ b Aq is a subquotient of E˚pX‚ b HRq. Here HR is the generalized Eilenberg-Mac Lane
spectrum of the graded ring R.
In particular:
Theorem 5.2.1 For all integers n and all connective E8-ring spectra A, the cardinality of THHnpAq is always
less than or equal to the cardinality of THHnpHπ˚pAqq.
Below are more details in a more restricted class of examples, namely, the E8 ring spectra A such that
π˚pAq – Zppqrxs.
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Definition 5.2.2 We put a partial ordering on power series with integer coefficients as follows: given
f , g P Zrrtss, we write f ď g if and only if, for all nonnegative integers n, the coefficient of tn in f is less than
or equal to the coefficient of tn in g.
Definition 5.2.3 Let A be a graded ring. We will say that a graded A-module M is finite-type and free if
there exists a function c : ZÑ N and an isomorphism of graded A-modulesž
nPZ
pΣnAq‘cpnq
–
ÝÑ M.
We will say that M is finite-type if there exists an exact sequence of graded A-modules of the form F1 Ñ
F0 Ñ M Ñ 0 with F0,F1 both finite-type and free.
Lemma 5.2.4 Let A be a Noetherian connective commutative graded ring. Then the collection of bounded-
below finite-type graded A-modules is closed under taking kernels, cokernels, extensions, and tensor products
over A. Consequently, every bounded-below finite-type graded A-module admits a resolution by bounded-
below finite-type free graded A-modules, and ifM,N are bounded-below finite-type graded A-modules, then
so is TorAn,˚pM,Nq for each nonnegative integer n, and furthermore, Tor
A
s,tpM,Nq vanishes for all s ą t.
Proof This is a bit of elementary algebra and we leave the proof as an exercise.
Lemma 5.2.5 is surely not a new result:
Lemma 5.2.5 Suppose that A is a connective E8-ring spectrum such that the ring π˚pAq is commutative
and Noetherian, and suppose that the graded π˚pAq-module π˚pA ^ Aq is finite-type. Suppose that X‚ is a
simplicial finite set. Then πnpX‚ b Aq is a finitely generated π0pAq-module for all n.
Proof First, a quick induction: if we have already shown that the graded π˚pAq-module π˚pA
^mq is
connective and finite-type, then by Lemma 5.2.4, the input for the the Ku¨nneth spectral sequence
E2s,t – Tor
π˚pAq
s,t pπ˚pA^ Aq, π˚pA
^mqq ñ πs`tpA
^m`1q(29)
dr : Ers,t Ñ E
r
s´r,t`r´1
is first-quadrant and hence strongly convergent, and consists of a finite-type graded π˚pAq-module on each
s-line. The differentials in spectral sequence (29) are π˚pAq-linear (see Theorem IV.4.1 of [20], which is
stated in terms of commutative S-algebras, but the linearity of the spectral sequence differentials is formal
and works for any model of commutative ring spectra), so by Lemma 5.2.4, for all integers r ě 2 we have that
each s-line in the Er-page of spectral sequence (29) is a finite-type graded π˚pAq-module. Any differential
of length ą s supported on the s-line in spectral sequence 29 must be zero, but it is not impossible that the
s-line could be hit by differentials of arbitrarily long length. Let Ers,˚ denote the graded π˚pAq-module which
is the the s-line in the Er-page of spectral sequence 29. Then, for each pair ps, tq, there exists some N such
that Ers,t – E
r`1
s,t for all r ě N. Consequently E
8
s,˚ is the colimit of a sequence of graded π˚pAq-module
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surjections Es`1s,˚ Ñ E
s`2
s,˚ Ñ . . . with the property that, for each integer t, the sequence of π0pAq-modules
Es`1s,t Ñ E
s`2
s,t Ñ . . . is eventually constant. So the graded π˚pAq-module E
8
s,˚ is finite-type.
Now π˚pA
^m`1q admits a filtration whose filtration quotients are the rows in the E8-page of (29). For any
fixed choice of integer N, π˚pA
^m`1q agrees in grading degrees ď N with a graded π˚pAq-module given
by finitely many of the filtration quotients (eg the first N ` 1 rows in the E8-page), due to the vanishing
property in Lemma 5.2.4. So by Lemma 5.2.4, the graded π˚pAq-module π˚pA
^m`1q is finite-type (and
clearly connective), and we are ready to return to the inductive step.
So π˚pA
^mq is a finite-type connective graded π˚pAq-module for each m. In particular, πnpA
^mq is a finitely
generated π0pAq-module for each n. Consequently in the Bousfield-Kan-type spectral sequence
E1s,t – πtpA
^#pXsqq ñ πs`tpX‚ b Aq
dr : Ers,t Ñ E
r
s´r,t`r´1
obtained by applying π˚ to the simplicial ring spectrum X‚b˜A (here we are using the pretensor product, of
Definition 3.2.1), each bidegree is a finitely generated π0pAq-module, and the spectral sequence is half-plane
with exiting differentials, hence also strongly convergent by Theorem 6.1 of [8]. Connectivity of each tensor
power A^#pXsq implies that only finitely many bidegrees in the E8-page contribute to each total degree in
π˚pX‚ b Aq. Consequently πnpX‚ b Aq is a finitely generated π0pAq-module for each integer n.
Theorem 5.2.6 Let n be a positive integer, p a prime number, and let E be a E8-ring spectrum such that
either π˚pEq – Zˆprxs or π˚pEq – Zppqrxs, with x in grading degree 2n. Then the Poincare´ series of the mod
p topological Hochschild homology pS{pq˚pTHHpEqq satisfies the inequalityÿ
iě0
`
dimFppS{pq˚pTHHpEqq
˘
ti ď
p1` p2p ´ 1qtqp1 ` p2n ` 1qtq
p1´ 2ntqp1 ´ 2ptq
.
Proof It is a classical computation of Bo¨kstedt (see [9]) that
pS{pq˚pTHHpHZˆpqq – pS{pq˚pTHHpHZppqqq – Epλ1q bFp Ppµ1q,
with λ1 and µ1 in grading degrees 2p´ 1 and 2p respectively.
Now we use the splitting theorem of Schwa¨nzl, Vogt, and Waldhausen, Lemma 3.1 of [40]: if K is a
commutative ring, and W is a q-cofibrant S-algebra (ie, up to equivalence, an A8-ring spectrum), then there
exists a weak equivalence of S-modules (not necessarily a weak equivalence of S-algebras!):
THHpW ^ HKq » THHpWq ^ THHpHKq » pTHHpWq ^ HKq ^HK THHpHKq.
In our case,W is the free A8-algebra on a single 2n-cell, and K “ Zˆp or Zppq. Hence THHpWq^HK satisfies
pS{pq˚pTHHpWq ^ HKq – pHFpq˚pTHHpWqq – Ppxq bFp Epσxq,
by collapse of the Bo¨kstedt spectral sequence for bidegree reasons. Hence
pS{pq˚pTHHpHZˆprxsqq – pS{pq˚pTHHpHZppqrxsqq – Epλ1, σxq bFp Ppµ1, xq,
as a gradedFp-vector space (but not necessarily asFp-algebras!), which has Poincare´ series
p1`p2p´1qtqp1`p2n`1qtq
p1´2ntqp1´2ptq .
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Now we give a few amusing consequences of Theorem 5.2.6. Recall that a spectrum is said to be finite-type
if it is weakly equivalent to a CW-spectrum with finitely many cells in each dimension; if a spectrum X is
connective, then X is finite-type if and only if the graded Z-module H˚pX;Zq is finite-type. We will say that
X is p-local finite-type if X is weakly equivalent to a p-local CW-spectrum with finitely many Sppq-cells in
each dimension. Again, if a p-local spectrum X is connective, then X is p-local finite-type if and only if the
graded Zppq-module H˚pX;Zppqq is finite-type.
Corollary 5.2.7 Let n be a positive integer, p a prime number, and let E be a p-local finite-type E8-ring
spectrum such that π˚pEq – Zppqrxs, with x in grading degree 2n ą 0.
• If p does not divide n, then THH2ipEq – 0 for all i congruent to´pmodulo n such that i ď pn´ p´ n,
and THH2ipEq – 0 for all i congruent to ´n modulo p such that i ď pn ´ p ´ n. In particular,
THH2ppn´p´nqpEq – 0.
• If p divides n, then THHipEq – 0, unless i is congruent to ´1, 0, or 1 modulo 2p.
Proof Since we have assumed that E is p-local finite-type, each homology group HspE;π˚pEqq is a finite-
type graded π˚pEq-module, and Consequently each s-line in the Atiyah-Hirzebruch spectral sequence
E2s,t – HspE;πtpEqq ñ πs`tpE ^ Eq(30)
dr : Ers,t Ñ E
r
s`r,t´r`1
is a finite-type graded π˚pEq-module. Connectivity of E ensures strong convergence of the spectral sequence,
as in Theorem 12.2 of [8]. As the Atiyah-Hirzebruch spectral sequence is the spectral sequence obtained
by applying E-homology to a CW-decomposition of E, an easy analysis of the spectral sequence of a tower
of cofiber sequences shows that the spectral sequence differentials are graded π˚pEq-module morphisms.
Consequently Lemma 5.2.4 implies that each s-line in the Er-page of spectral sequence (30) is a finite-type
graded π˚pEq-module, for each r ě 2. Now an argument exactly like that used in the proof of Lemma 5.2.5
implies that each s-line in the E8-page of (30) is also a finite-type graded π˚pEq-module, and that π˚pE^Eq
is a finite-type graded π˚pEq-module. So we can make use of Lemma 5.2.5 later in this proof.
Now we split the proof into two cases: the case where p ∤ n and the case where p|n.
Case 1: If p does not divide n, then the largest integer i such that the graded polynomial algebra Ppµ1, xq is
trivial in grading degree 2i is 2ppn ´ p ´ nq. (This is a standard exercise in elementary number theory. In
schools in the United States it is often presented to students in a form like “What is the largest integer N such
that you cannot make exactly 5N cents using only dimes and quarters?”) Triviality of Ppµ1, xq in grading
degree 2ppn ´ p´ nq also implies triviality of Ppµ1, xq in grading degree 2ppn ´ p´ nq ´ 2pp ` nq, hence
the triviality of Epλ1, σxq bFp Ppµ1, xq in grading degree 2ppn ´ p´ nq, hence (multiplying by powers of x
or µ1) the triviality of Epλ1, σxq bFp Ppµ1, xq in all grading degrees ď 2ppn ´ p ´ nq which are congruent
to ´2p modulo 2n or congruent to ´2n modulo 2p.
So pS{pq2ipTHHpEqq vanishes if i ď pn´ p´ n and i ” ´p modulo n or i ” ´n modulo p. The long exact
sequence
¨ ¨ ¨ Ñ pS{pq2i`1pTHHpEqq Ñ THH2ipEq
p
ÝÑ THH2ipEq Ñ pS{pq2ipEq Ñ . . .
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then implies that THH2ipEq is p-divisible. By Lemma 5.2.5, THH2ipEq is a finitely generated π0pEq-module.
Since π0pEq – Zppq is a PID, one knows its finitely generated modules explicitly, and the only finitely
generated Zppq-module which is p-divisible is the trivial module.
Case 2: If p divides n, then Epλ1, σxq bFp Ppµ1, xq is concentrated in grading degrees congruent to ´1, 0
and 1 modulo 2p. An argument exactly as in the previous part of this proof then shows that, if i is not
congruent to ´1, 0, or 1 modulo 2p, then THHipEq must be a p-divisible finitely generated Zppq-module,
hence is trivial.
A The THH-May spectral sequence with filtered coefficients.
In this appendix, we briefly describe how to generalize the THH-May spectral sequence to include filtered
coefficients; ie, given a pointed simplicial finite set Y‚, a connective generalized homology theory, E˚, as in
Definition 3.4.1, a decreasingly filtered commutative monoid in C, I‚, and a decreasingly filtered I‚-module
in C, M‚ (see Definition A.1.1), there is a spectral sequence
(31) E1˚,˚ “ E˚,˚ pY‚ b pE0I‚;E0M‚qq ñ Y‚ b pI0;M0q
where Y‚ b pI0;M0q is is defined in Definition A.2.1 and E0M‚ is defined in Remark A.1.2.
A.1 Filtered coefficients.
Recall from Remark 3.1.5 and Section 4.1 that a cofibrant object in CommCN op (with the model structure
created by the forgetful functor to CN op , where CN op is equipped with the projective model structure) is a
cofibrant decreasingly filtered commutative monoid in C in the sense of Definition 3.1.2.
Definition A.1.1 Let I‚ be a cofibrant object in Comm CN op . By a cofibrant decreasingly filtered I‚-module
we mean a cofibrant object in CN op with the structure of a I‚-module (equivalently a symmetric I‚-bimodule);
ie, there are natural transformations
ψℓ : I‚ bDay M‚ Ñ M‚ and
ψr : M‚ bDay I‚ Ñ M‚
satisfying the usual commutative diagrams for a module over a commutative monoid along with the commu-
tativity of the diagram
I‚ bDay M‚
τ //
ψℓ
%%❑
❑❑
❑❑
❑❑
❑❑
I‚ bDay M‚
ψryyss
ss
ss
ss
s
M‚
where τ is the factor swap map that we have by the definition of CN op as a symmetric monoidal category
with respect to bDay.
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Remark A.1.2 There is an associated graded symmetric E˚0 I‚-bimodule, E
˚
0M‚, which can be defined in a
similar way to E˚0 I‚; ie as an object in C, it is
E˚0M‚ “
ł
iě0
Mi{Mi`1
and to define it as a symmetric E0I‚-bimodule we define maps
Ii{Ii`1 ^Mj{Mj`1 Ñ Mi`j{Mi`j`1
using the structure maps ψℓ and ψr along with the structure maps gm : Mm Ñ Mm´1 and the structure maps
of I‚ and then extend to a map˜ł
iě0
Ii{Ii`1
¸
^
˜ł
iě0
Mj{Mj`1
¸
Ñ
ł
iě0
Mi`j{Mi`j`1
in the same way as in Definition 3.1.6.
A.2 Loday construction in the pointed setting.
Definition A.2.1 For a finite pointed set S write ˚S for basepoint of S and S
1 for S´t˚Su. Given a cofibrant
commutative monoid R in a model category C satisfying Running Assumption 2.0.3 define a functor
fSet˚ ˆ R-modÑ R-mod
by sending pS,Nq to N ^
Ź
sPS R and on morphisms by sending a based map of finite sets S Ñ T to the
composite map
N ^
ľ
sPS
R » N ^
ľ
sPf´1p˚T q
R^
ľ
sPS´f´1p˚T q
RÑ X ^
ľ
tPT
R
defined as follows: the first map is the factor swap map and the second map is the smash product of the
iterate of the (right) action map
N ^
ľ
sPf´1p˚T q
RÑ N
and the map ľ
sPS´f´1p˚T q
RÑ
ľ
sPS´f´1p˚T q
R
as defined as in Definition 3.2.1. This functor naturally extends to a functor
p´qb˜pR;´q : sfSet˚ ˆ R-modÑ sR-mod
by sending pY‚,Nq to the simplicial R-module with n-simplices
N ^
ľ
yPY1n
R
and using the functoriality of the functor fSet˚ ˆ R-modÑ R-mod to define the face and degeneracy maps.
We can therefore define
Y‚ b pR;Nq “ |Y‚ b pR;Nq|.
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Remark A.2.2 This construction is sufficiently general that given a cofibrant object I‚ in Comm CN op and
a cofibrant decreasingly filtered I‚-module in C, M‚, we can define an object in CommN op
Y‚ b pI‚;M‚q.
A.3 The fundamental theorem of the May filtration with coefficients.
Recall that the fundamental theorem of the May filtration may be described using the slogan “higher order
Hochschild homology commutes with passage to the associated graded commutative ring spectrum."
Definition A.3.1 Let C satisfy Running Assumptions 2.0.3 and 2.0.4. Given a pointed simplicial finite set
Y‚, a cofibrant object in Comm CN op , I‚, and a cofibrant decreasingly filtered I‚-module, M‚, we define the
May filtration of M0 ^
Ź
yPY0
I0 to be the cofibrant decreasingly filtered I‚-module in C: Y‚ b pI‚;M‚q.
Remark A.3.2 Note that Running Assumption 2.0.4 is needed to ensure that Y‚ b pI‚;M‚q is actually a
cofibrant object in CN op .
Theorem A.3.3 (Fundamental theorem of the May filtration with coefficients.) There is an equivalence
of E˚0 I‚-modules
E˚0 pY‚ b pI‚ bM‚qq » Y‚ b pE
˚
0 I‚,E
˚
0M‚q.
Proof To prove the theorem requires generalizing all of the definitions and lemmas from Section 3.3 to the
pointed setting. The proofs of each of these generalizations of the lemmas from Section 3.3 follow in an
evident way from the proofs that are already given. We therefore do not reprove them. The proof of the
fundamental theorem of the May filtration also follows from the evident generalizations of the lemmas in
Section 3.3 in the same way as the proof of Theorem 3.3.10.
RemarkA.3.4 The construction of the spectral sequence is exactly the same and therefore we do not discuss
it here. To prove convergence and strong convergence of the spectral sequence we must prove the lemmas
and theorems of Section 3.4 in the pointed setting, but these generalizations follow easily. We therefore
produce a spectral sequence of the form 31 in the same way as before.
B The Bousfield-Kan spectral sequence.
B.1 The BKSS and nulhomotopic maps out of diagrams.
Definition B.1.1 Given a small category D, a category A, and a functor F : D Ñ A, we adopt these
notations: we will write D0 for the set of objects of D, we will write D1 for the set of morphisms in D, and
if n is a positive integer, we will write Dn for the set of composable ordered n-tuples of morphisms in D,
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given a composable ordered n-tuples of morphisms d “
´
X0
f1ÝÑ ¨ ¨ ¨
fn
ÝÑ Xn
¯
in D, we will write d˜ for Xn,
we will write srpFq for the simplicial replacement of F , that is, the simplicial object of A given by
š
dPD0 Fpd˜q //
š
dPD1 Fpd˜qoo
oo //
//
š
dPD2 Fpd˜qoo
oo
oo
//
//
// . . .
oo
oo
oo
oo
with face and degeneracy maps induced by composition and inserting of an identity morphism, respectively,
as operations on composable ordered tuples of morphisms in D. (This construction is standard; see eg
section XI.5.1 of [10].)
The following theorem seems to have had a long history: it seems as though it was understood in some
form, at least in the setting of simplicial sets, to Bousfield and Kan when they wrote [10], and a proof is
sketched in Corollary 9.8 and Proposition 9.11 of Dugger’s unpublished notes [16], limited to the setting
of topological spaces, but clearly using the technology of [18] which applies to much more general model
categories. Finally, a really clear and general treatment can be derived from Theorem 3.2 and Theorem
3.3 of Gambino’s paper [21], as explained in Section 4 of [21]. Gambino’s result only requires that C is a
simplicial model category.
Theorem B.1.2 Suppose that D is a small category such that the projective model structure on CD exists.
Suppose that F : D Ñ C is projectively cofibrant. Then the natural map |srpFq| Ñ colimF in C is a weak
equivalence.
Theorem B.1.2 is our justification for the following notational convention: in this section and the following
section, we will write hocolim for the Bousfield-Kan model for the homotopy colimit, as in [10]; that is,
hocolimF “ |srpFq|.
Definition B.1.3 Let D be a small category, and write Ab for the category of abelian groups. We will
write E for the allowable class, in the sense of relative homological algebra (see chapter IX of [30]), on the
category of functors AbD, given as follows: a short exact sequence 0Ñ F 1 Ñ F Ñ F2 Ñ 0 in AbD is in
E if and only if the short exact sequence of abelian groups 0 Ñ F 1pdq Ñ Fpdq Ñ F2pdq Ñ 0 is split for
all objects d of D.
In the case where the underlying model category is simplicial sets (not a stable model category!), the spectral
sequence of Theorem B.1.4 was constructed by Bousfield and Kan in chapter XII of [10]. It is a widespread
bit of folklore than the construction also works in more general model categories (see eg the discussion
preceding Proposition A.10 in [25]), so we give only a sketch of the proof of Theorem B.1.4.
In Theorem B.1.4, as everywhere in this paper, we let C be as in Running Assumption 2.0.3, but in the proof
we sketch, we only use the assumptions that C is cocomplete, stable, closed and simplicial, and left proper.
Theorem B.1.4 (The Bousfield-Kan spectral sequence (BKSS) for generalized cohomology of a homo-
topy colimit.) Let D be a small category and let F : D Ñ C be a functor such that Fpdq is cofibrant for
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all d P obD. Let E be as in Definition B.1.3. Let X be a fibrant object of C. Then there exists a spectral
sequence
(32) E2s,t – pR
s
E lim
dPD
q
`
rΣtFpdq,Xs
˘
ñ
“
Σ
t´s hocolim F,X
‰
which is strongly convergent if the functor lim : AbD Ñ Ab is of finite E-injective dimension (ie, if there
exists N P Z such that pRsE limqpFq vanishes for all s ą N and all F P obAbD).
Sketch of proof: It is routine to show that the cofibrancy assumption on each Fpdq is enough to imply
that the simplicial object srpFq of C is Reedy-cofibrant, and Consequently that the geometric realization
|srpFq| is a homotopy colimit for F. Reedy cofibrancy plays another role here, however: the latching
comparison maps Ln srpFq Ñ srpFqn are each cofibrations in C, and Consequently (by Quillen’s “condition
SM7(b),” which holds for any closed simplicial model category by Proposition 2.3 of [38]) the natural map
pLn srpFq b∆
nq
š
Ln srpFqbδ∆n
psrpFqn b δ∆
nq Ñ srpFqn b∆
n is a cofibration in C. By Lemma 3.1 of [39],
we can build |srpFq| as a colimit colimn |srpFq|n of objects |srpFq|n given inductively by |srpFq|0 “ srpFq0
and for each positive integer n a pushout square
(33) pLn srpFq b∆
nq
š
Ln srpFqbδ∆n
psrpFqn b δ∆
nq //

srpFqn b∆
n

|srpFq|n´1
// |srpFq|n .
Now since each Fpdq is assumed cofibrant,
š
dPD0 Fpdq “ srpFq0 “ |srpFq|0 is also cofibrant. Consequently,
when n “ 1, square 33 is a pushout square in which the two objects on the left are cofibrant, and the top
vertical map is a cofibration, so left properness of C implies that square 33 is also a homotopy pushout square,
and that |srpFq|0 Ñ |srpFq|1 is a cofibration, hence that |srpFq|1 is cofibrant.
That was the initial step in an induction. The inductive step works as follows: since 0 b δ∆n – 0 b∆n –
0, another application of Quillen’s condition SM7(b) gives us that, since Ln srpFq is cofibrant (as it is
a colimit of cofibrant objects), the map Ln srpFq b δ∆
n Ñ Ln srpFq b ∆
n is a cofibration, and hence
Ln srpFq b ∆
n
š
Ln srpFqbδ∆n
srpFqn b δ∆
n is cofibrant, again using left properness of C. So, if we have
already shown that |srpFq|n´1 is cofibrant, then the bottom horizontal map in 33 is a pushout of a cofibration,
hence is a cofibration, hence |srpFq|n is cofibrant; and furthermore the square 33 is a homotopy pushout
square, with horizontal cofiber Σn srpFqn by an argument dual to Proposition X.6.3 of [10]. By induction,
we have a tower of cofiber sequences
|srpFq|0
//
–

|srpFq|1
//

|srpFq|2
//

. . .
srpFq0 Σ srpFq1 Σ
2 srpFq2
and, applying the generalized cohomology theory on HopCq represented by X, we get spectral sequence (32).
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Similarly, we have the following theorem:
TheoremB.1.5 (TheBousfield-Kan spectral sequence (BKSS) for generalized homology of ahomotopy
colimit.) Let D be a small category and let F : D Ñ C be a functor such that Fpdq is cofibrant for all
d P obD. Let E be as in Definition B.1.3. Let H˚ be a connective generalized homology theory on C, as
defined in Definition 3.4.1. Then there exists a strongly convergent spectral sequence
E2s,t – pL
E
s colim
dPD
q pHtpFpdqqq ñ Hs`t hocolim F.
Proof Essentially the same argument as in Theorem B.1.4, which is only a generalization of the proof of
XII.5.7 of [10]. Since hocolim F – |srpFq| is the cofiber of the mapž
nPN
|srpFq|n
id´T
ÝÑ
ž
nPN
|srpFq|n ,
the exactness and additivity conditions in Definition 3.4.1 ensure that the homology of hocolim F is the
colimit of the homologies of the finite stages |srpFq|n, ie, the spectral sequence computes H˚phocolim Fq
as claimed. Strong convergence is automatic since this is a half-plane spectral sequence with exiting
differentials, as in [8].
The rest of this section is occupied with an application of Theorem B.1.4. Here is the basic problem to be
solved:
Question B.1.6 Suppose we are given a diagram of objects in our model category C, and a map from the
diagram to some particular object X. Suppose that the map from each of the objects in the diagram to X is
nulhomotopic. Do all these maps from objects in the diagram to X factor through some homotopy colimit of
the diagram, such that the map from the homotopy colimit to X is also nulhomotopic?
The answer to this question is not always yes: it depends on the diagram, and on X, and on the maps to
X! The only tool we really need to answer Question B.1.6 is Theorem B.1.4, so while Question B.1.6 does
not appear in [10] or in [39] or in any other reference we know of, nevertheless the question seems natural
enough (and, in some situations, unavoidable enough) and its solution, in Theorem B.1.7, is a direct enough
application of ideas from the 1970s that we do not claim that anything in this section is really “new.”
Theorem B.1.7 Let C be as in Running Assumptions 2.0.3. Suppose that D is a small category, F : D Ñ C
a functor such that Fpdq is cofibrant for each d P obD, X a fibrant object of C and X : D Ñ C the constant
X-valued functor on C, and η : F Ñ X is a natural transformation such that ηpdq is nulhomotopic for each
d P obD. Let E be as in Definition B.1.3, and suppose that the functor lim : AbD Ñ Ab has finite E-injective
dimension. If pRnE limdPDq prΣ
nFpdq,Xsq – 0 for all n ą 0, then the resulting map hocolim F Ñ X is also
nulhomotopic.
Proof The terms in the E2-page of spectral sequence (32) which can contribute to rΣ0 hocolim F,Xs in the
E8-page are the terms of the form pRnE limdPDq prΣ
nFpdq,Xsq. Consequently the vanishing hypothesis in
the statement of the theorem ensures that the projection map rhocolim F,Xs Ñ pR0E limdPDq prFpdq,Xsq –
limdPDrFpdq,Xs is an isomorphism, and Consequently that the map induced by η, which represents zero in
limdPDrFpdq,Xs, also represents zero in rhocolim F,Xs.
Algebraic & Geometric Topology XX (20XX)
A May-type spectral sequence for higher topological Hochschild homology 1051
B.2 Application to truncated cubes.
In this subsection, we prove a few lemmas on a particular special case of Theorem B.1.7 which arises in
section 4.2. The main result here is Lemma B.2.3, which we use in our proof of Theorem 4.2.1. As in
section 4.2, we will write Sp for the category of symmetric spectra in pointed simplicial sets with the positive
flat stable model structure. We will write Ab for the category of abelian groups.
Definition B.2.1 Let D be the small category with all objects and non-identity morphisms drawn below:
p1, 1, 1q p1, 1, 0q
p0, 1, 1q p0, 1, 0q
p1, 0, 1q p1, 0, 0q
p0, 0, 1q.
Lemma B.2.2 Let F : Dop Ñ Ab be a functor. Then the following statements are all true:
• R0E limF – limF is a subgroup of Fp1, 0, 0q ‘ Fp0, 1, 0q ‘ Fp0, 0, 1q,
• R1E limF is a subquotient of
Fp1, 1, 1q‘3 ‘Fp1, 1, 0q‘2 ‘ Fp1, 0, 1q‘2 ‘ Fp0, 1, 1q‘2,
• R2E limF is a subquotient of Fp1, 1, 1q,
• and RnE limF vanishes for all n ą 2.
Proof That R0E limF – limF is a standard consequence of lim being left exact. For the remaining
statements, we first find all the relative cofree objects; ie the functors AbD
op
that are in the image of the
cofree functor C : Abˆ|D
op| “ AbobD
op
Ñ AbD
op
, which is right adjoint to the functor pevdqdPDop . The
relative cofree objects are the products of the diagrams of the form Ci P Ab
Dop:
C111 “
»
——————–
X X
X X
X X
X
id
id
id
id
id
id
id
id
id
fi
ffiffiffiffiffiffifl
,C101 “
»
——————–
0 0
0 0
X X
X
id
id
id
id
0
id
0
id
0
fi
ffiffiffiffiffiffifl
,C011 “
»
——————–
0 0
X X
0 0
X
id
0
id
0
id
id
id
0
id
fi
ffiffiffiffiffiffifl
,
C110 “
»
——————–
0 X
0 X
0 X
0
id
id
0
id
id
0
id
id
id
fi
ffiffiffiffiffiffifl
,C100 “
»
——————–
0 0
0 0
0 X
0
id
id
id
id
id
0
0
id
id
fi
ffiffiffiffiffiffifl
,C001 “
»
——————–
0 0
0 0
0 0
X
id
id
id
id
id
id
id
0
0
fi
ffiffiffiffiffiffifl
,
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C010 “
»
——————–
0 0
0 X
0 0
0
id
id
0
0
id
id
id
id
id
fi
ffiffiffiffiffiffifl
which we can think of as functors Cijk : AbÑ Ab
Dop .
Now we resolve F by relative cofree objects: we have a long exact sequence
(34) 0 // F // M0 // M1 // M2 // 0
whereMi are defined as follows:
M0 “
š
i,j,k CijkpFpi, j, kqq
M1 “
C011pFp1, 1, 1qq ‘ C101pFp1, 1, 1qq ‘ C110pFp1, 1, 1qq
‘C001pFp1, 0, 1qq ‘ C100pFp1, 1, 0qq ‘ C010pFp0, 1, 1qq
‘C010pFp1, 1, 0qq ‘ C100pFp0, 1, 1qq ‘ C100pFp1, 0, 1qq
M2 “ C001pFp1, 1, 1qq ‘ C010pFp1, 1, 1qq ‘ C100pFp1, 1, 1qq.
Clearly (34) is a resolution of F by E-projective objects in AbDop . For each object d of D, each morphism
in (34) has the property that its evaluation at d is the composite, in Ab, of a split epimorphism followed by
a split monomorphism. In other words, (34) is an E-resolution of F , and we can use it to compute right
E-derived functors. (See Chapter IX of [30] for these ideas from relative homological algebra.)
So, to compute R˚E limF , we can omit F from (34) and apply lim, producing the cochain complex
(35) 0 // N0 // N1 // N2 // 0
where Ni are defined as follows:
N0 “
Fp1, 1, 1q ‘ Fp1, 1, 0q ‘ Fp1, 0, 1q ‘ Fp0, 1, 1q
‘Fp1, 0, 0q ‘ Fp0, 1, 0q ‘ Fp0, 0, 1q
N1 “
Fp1, 1, 1q ‘ Fp1, 1, 1q ‘ Fp1, 1, 1q ‘ Fp1, 0, 1q ‘ Fp1, 1, 0q
‘Fp0, 1, 1q ‘ Fp1, 1, 0q ‘ Fp0, 1, 1q ‘ Fp1, 0, 1q
N2 “ Fp1, 1, 1q ‘ Fp1, 1, 1q ‘ Fp1, 1, 1q.
Consequently RnE limF is a subquotient as claimed, and vanishes for all n ą 2. (One could also compute
the maps in (35) to get an explicit presentation of R1E limF and R2E limF , but while interesting, this is
unnecessary for the present paper.)
Lemma B.2.3 Suppose we have a commutative diagram in Sp
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Ap1,1,1q Ap1,1,0q
Ap0,1,1q Ap0,1,0q
Ap1,0,1q Ap1,0,0q,
Ap0,0,1q
f
p1,
1,1
q
p0,
1,1
q
f
p1,1,1q
p1,1,0q
f
p1,1,1q
p1,0,1q
f
p1,1,0q
p1,0,0q
f
p1,
1,0
q
p0,
1,0
q
f
p0,1,1q
p0,1,0q
f
p0,1,1q
p0,0,1q
f
p1,0,1q
p1,0,0q
f
p1,
0,1
q
p0,
0,1
q
and suppose there is a fibrant symmetric spectrum Z satisfying the conditions1
• Z´1pApi,j,kqq vanishes whenever i` j` k “ 2, and
• Z´1pAp1,1,1qq and Z´2pAp1,1,1qq vanish.
Regard (B.2.3) as a functor A : D Ñ Sp. Then the natural map of abelian groups rhocolim A,Zs Ñ
limdPDoprApdq,Zs is an isomorphism.
In particular, if we make the additional assumption that Z0pApi,j,kqq vanishes whenever i ` j ` k “ 1, then
rhocolim A,Zs vanishes.
Proof By Theorem B.1.7, the obstruction to rhocolim A,Zs Ñ limdPDoprApdq,Zs being an isomorphism is
the groups
pRsE lim
dPD
q
`
Z´sApdq
˘
for s ą 0. By Lemma B.2.2, pR1E limdPDq
`
Z´1Apdq
˘
vanishes as long as Z´1Ai,j,k vanishes for all triples
pi, j, kq satisfying i` j` k ě 2. Also by Lemma B.2.2, pR2E limdPDq
`
Z´2Apdq
˘
vanishes as long as Z´2A1,1,1
vanishes. Finally, the group pRsE limdPDq pZ
´sApdqq vanishes for all s ą 2. This proves the first claim. If we
additionally assume that Z0pApi,j,kqq vanishes whenever i ` j ` k “ 1, then limdPDoprApdq,Zs vanishes and
Consequently rhocolim A,Zs vanishes as well.
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